Numerical solution of the equations for a continuous medium reactor by Price, Robert McCollum
"In presenting the dissertation as a partial fulfillment 
of the requirements for an advanced degree from the Georgia Institute 
of Technology, I agree that the Library of the Institution shall make 
it available for inspection and circulation in accordance with its 
regulations governing materials of this type. I agree that permission 
to copy from, or to publish from, this dissertation may be granted by 
the professor under whose direction it was written, or, in his absence, 
by the dean of the Graduate Division when such copying or publication 
is solely for scholarly purposes and does not involve potential 
financial gain. It is understood that any copying from, or publication 
of, this dissertation which involves potential financial gain will not 
be allowed without written permission. 
it 
N U M E R I C A L S O L U T I O N O F T H E E Q U A T I O N S 
F O R A C O N T I N U O U S M E D I U M R E A C T O R 
A T H E S I S 
P r e s e n t e d T o 
t h e F a c u l t y o f t h e G r a d u a t e D i v i s i o n 
h y 
R o b e r t M c C o l l u m P r i c e , J r . 
I n P a r t i a l F u l f i l l m e n t 
o f t h e R e q u i r e m e n t s f o r t h e d e g r e e 
M a s t e r o f S c i e n c e i n A p p l i e d M a t h e m a t i c s 
G e o r g i a I n s t i t u t e o f T e c h n o l o g y 
J u n e 9 1958 
NUMERICAL SOLUTION OF THE EQUATIONS 
FOR A CONTINUOUS MEDIUM REACTOR 
A p p r o v e d b y : 
— + 
D a t e o f A p p r o v a l : 
ii 
P R E F A C E 
U n d e r t a k i n g a t h e s i s o f t h i s n a t u r e w o u l d h a v e b e e n 
i m p o s s i b l e w i t h o u t t h e f a c i l i t i e s o f t h e R i c h E l e c t r o n i c 
C o m p u t e r C e n t e r . T h e a u t h o r w i s h e s t o t h a n k a l l t h o s e w h o 
h a v e m a d e t h e s e f a c i l i t i e s a v a i l a b l e f o r s c i e n t i f i c r e s e a r c h . 
T h e a u t h o r g r a t e f u l l y a c k n o w l e d g e s t h e g u i d a n c e a n d 
i n s p i r a t i o n g i v e n b y D r . J o h n A . N o h e l d u r i n g t h e c o u r s e o f 
t h i s s t u d y . 
I I I 
T A B L E O P C O N T E N T S 
P A G E 
P R E F A C E I I 
L I S T O P T A B L E S I V 
S U M M A R Y V 
C H A P T E R 
I . I N T R O D U C T I O N 1 
I I . N U M E R I C A L S O L U T I O N O P A P A R A B O L I C P A R T I A L 
D I F F E R E N T I A L E Q U A T I O N 6 
P R E L I M I N A R Y C O N S I D E R A T I O N S 
S T A B I L I T Y C O N S I D E R A T I O N S 
C O N V E R G E N C E A N D E X I S T E N C E C O N S I D E R A T I O N S 
I I I . N U M E R I C A L S O L U T I O N O F T H E S Y S T E M 30 
N U M E R I C A L S O L U T I O N O F T H E P O W E R E Q U A T I O N 
N U M E R I C A L S O L U T I O N O F T H E E N T I R E S Y S T E M 
E R R O R A N D S T A B I L I T Y A N A L Y S I S 
I V . N U M E R I C A L E X A M P L E S 55 
A S P E C I A L C A S E O F T H E G E N E R A L S Y S T E M 
A N U M E R I C A L E X A M P L E F O R T H E S P E C I A L C A S E 
A N U M E R I C A L E X A M P L E F O R T H E G E N E R A L C A S E 
V . C O N C L U S I O N S 75 
B I B L I O G R A P H Y 78 
i v 
L I S T O P T A B L E S 
T a b l e P a g e 
1 . S o l u t i o n o f t h e S p e c i a l C a s e E q u a t i o n s 
w i t h T Q = 0, u Q - 0«5 68 
2 . S o l u t i o n o f t h e S p e c i a l C a s e E q u a t i o n s 
w i t h T Q = 0, u Q = 0.0005 69 
3. N u m e r i c a l R e s u l t s f o r t h e G e n e r a l C a s e 
E q u a t i o n s (66) a n d ( 7 2 ) 73 
4 . A C o m p a r i s o n T a b l e f o r t h e X = 0, 
X =
 1/5000 R e s u l t s 7 4 
V 
S U M M A R Y 
T h i s s t u d y i s c o n c e r n e d w i t h t h e n u m e r i c a l s o l u t i o n 
o f t h e n o n l i n e a r s y s t e m o f f u n c t i o n a l - d i f f e r e n t i a l e q u a t i o n s 
o f t h e f o r m : 
w h e r e P ( t ) a n d T ( x , t ) a r e t h e u n k n o w n f u n c t i o n s , $ a n d X 
a r e g i v e n n o n n e g a t i v e c o n s t a n t s , o c ( x ) a n d n ( x ) a r e g i v e n 
f u n c t i o n s o f p o s i t i o n , a n d t i s t h e t i m e . T h i s s y s t e m i s 
t o b e s o l v e d s u b j e c t t o t h e i n i t i a l c o n d i t i o n s 
P ( 0 ) « P Q 
T ( x , 0 ) - T 0 ( x ) , - CO 4 x ^ + oo . 
T h e p r o b l e m r e p r e s e n t e d b y t h i s s y s t e m a r i s e s i n t h e 
a n a l y s i s o f d y n a m i c s t a b i l i t y o f c e r t a i n t y p e s o f n u c l e a r 
r e a c t o r s . A c o m p l e t e l y r i g o r o u s a n a l y t i c t r e a t m e n t o f t h e 
s t a b i l i t y p r o b l e m f o r r e a c t o r s o f t h i s t y p e i s n o t a v a i l a b l e , 
a n d t h u s t h e p u r p o s e o f t h i s s t u d y i s t w o f o l d : o n e , t o 
-oo 
+ n(x) [ P ( t ) - 1 ] 
v i 
e s t a b l i s h a c o m p u t a t i o n a l l y s t a b l e p r o c e d u r e f o r s o l v i n g 
s y s t e m s o f t h i s t y p e a n d t w o , u s i n g t h i s p r o c e d u r e t o v e r i f y 
t h e d y n a m i c s t a b i l i t y o f a r e a c t o r g o v e r n e d b y t h i s s y s t e m 
u n d e r s u i t a b l e c o n d i t i o n s . 
U s i n g a n e x p l i c i t m e t h o d o f s o l u t i o n f o r t h e d i f f u s i o n 
t y p e e q u a t i o n ( i n v o l v i n g T ( x , t ) ) a n d a m e t h o d o f n u m e r i c a l 
i n t e g r a t i o n f o r t h e o t h e r , a s t e p - b y - s t e p p r o c e d u r e f o r 
s o l u t i o n o f t h e s y s t e m i s g i v e n . T h e c o m p u t a t i o n a l s t a b i l i t y 
o f e a c h p r o c e d u r e s e p a r a t e l y a n d o f t h e u n i o n o f t h e t w o 
p r o c e d u r e s i s e s t a b l i s h e d . 
F i n a l l y , t w o n u m e r i c a l e x a m p l e s a r e g i v e n w h i c h 
i l l u s t r a t e t h e p r o c e d u r e a n d p r o v i d e e x a m p l e s o f d y n a m i c a l l y 
s t a b l e r e a c t o r s g o v e r n e d b y t h e g i v e n s y s t e m . 
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C H A P T E R I 
I N T R O D U C T I O N 
T h i s s t u d y i s c o n c e r n e d w i t h t h e n u m e r i c a l s o l u t i o n 
o f t h e n o n l i n e a r s y s t e m o f f u n c t i o n a l - d i f f e r e n t i a l e q u a t i o n s 
o f t h e f o r m : 
o o 
- A - l n P ( t ) = - f ( X ( x ) T ( x , t ) d x d t J 
- o o £ ^ > - X * ^ ! * > • n ( x ) [ P ( t ) - 1 ] , t
 d x 2 ( 1 ) 
w h e r e P ( t ) a n d T ( x , t ) a r e t h e u n k n o w n f u n c t i o n s ; g a n d X 
a r e g i v e n n o n n e g a t i v e c o n s t a n t s ; C X ^ X ) a n d n ( x ) a r e g i v e n 
f u n c t i o n s o f p o s i t i o n ; a n d t i s t h e t i m e . T h e s y s t e m i s t o b e s o l v e d s u b j e c t t o t h e i n i t i a l c o n d i t i o n s : 
P ( o ) - P Q 
T ( x , o ) = T Q ( x ) 
( 2 ) 
T h e p r o b l e m r e p r e s e n t e d b y t h e r e l a t i o n s ( 1 ) a n d ( 2 ) 
a b o v e a r i s e s i n t h e a n a l y s i s o f d y n a m i c s t a b i l i t y o f c e r t a i n 
t y p e s o f n u c l e a r r e a c t o r s . T h e p r o b l e m i s i n f a c t a g e n e r ­
a l i z a t i o n o f a c l a s s o f r e a c t o r p r o b l e m s c o n s i d e r e d b y E r g e n , 
L i p k i n a n d N o h e l [ 1 ] f o r w h i c h r i g o r o u s a n a l y t i c s t a b i l i t y 
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analysis is possible. In that class of problems it is not 
necessary to resort to numerical procedures. The methods 
explored in [1] have been modified by Ergen and Nohel [2] so 
as to apply to the problem considered in this study, but it 
is not possible to justify this analytical treatment com­
pletely rigorously. The result of this study provides a 
check on the work done by Brgen and Nohel [2] in addition 
to presenting a method of solution for a new class of problems 
in numerical analysis typified by the system (1). 
The problem of reactor stability arises in the study 
of reactor control. When a reactor becomes supercritical it 
must be brought under control rapidly. This cannot be done 
with control rods alone, and therefore a reactor must be 
inherently stable—that is, it must have dynamic as well as 
static stability. 
Static stability implies that reactivity decreases 
with increasing temperature, and is assured by designing the 
reactor to have a negative temperature coefficient of re­
activity. However, since heating in the reactor is a gradual 
process, the negative temperature coefficient cannot compen­
sate instantaneously for an excess in reactivity. Thus, 
since the power of the reactor cannot immediately return to 
normal, there may be oscillations in reactor power. A 
reactor is said to be dynamically stable if these oscillations 
do not build up. 
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T h e p r o b l e m o f c o m p u t a t i o n a l s t a b i l i t y a r i s e s i n t h e 
s t u d y o f e r r o r p r o p a g a t i o n i n i t e r a t i v e n u m e r i c a l t e c h n i q u e s 
( i . e . t e c h n i q u e s i n w h i c h t h e r e s u l t o f o n e s t e p i s u s e d i n 
c o m p u t i n g t h e n e x t s t e p ) s u c h a s a r e u s e d i n t h e i n v e r s i o n 
o f m a t r i c e s , o r i n t h e s t e p - b y - s t e p s o l u t i o n o f a n i n i t i a l -
v a l u e p r o b l e m i n d i f f e r e n t i a l e q u a t i o n s * T h e p r o b l e m o f t h i s 
t h e s i s f a l l s i n t o t h e l a t t e r c a t e g o r y . C o m p u t a t i o n a l s t a ­
b i l i t y w i l l b e d e f i n e d m o r e p r e c i s e l y i n C h a p t e r I I f o r t h e 
p r o b l e m o f t h i s s t u d y . H o w e v e r , b a s i c a l l y t h e c o n c e p t c a n 
b e d e s c r i b e d i n t h e f o l l o w i n g w a y . L e t b e t h e e x a c t 
r e s u l t a t s t e p J o f a n u m e r i c a l p r o c e d u r e P . L e t S j b e a n 
a p p r o x i m a t e r e s u l t . I f t h e e r r o r S J - S J c o m m i t t e d a t s t e p j 
d o e s n o t g r o w i n m a g n i t u d e a s P i s r e p e a t e d f o r t h e w h o l e 
r a n g e o f t h e p r o b l e m , t h e p r o c e d u r e i s s a i d t o b e c o m p u ­
t a t i o n a l l y s t a b l e ; o t h e r w i s e t h e p r o c e d u r e P i s s a i d t o b e 
c o m p u t a t i o n a l l y u n s t a b l e . H e r e a f t e r , u n l e s s o t h e r w i s e 
s t a t e d , s t a b i l i t y w i l l m e a n c o m p u t a t i o n a l s t a b i l i t y . 
T h e r e i s a s e c o n d p r o b l e m c o n n e c t e d w i t h t h e s o l u t i o n 
o f p a r t i a l d i f f e r e n t i a l e q u a t i o n s . T h a t i s t h e p r o b l e m o f 
c o n v e r g e n c e . L e t D b e t h e s o l u t i o n o f t h e p a r t i a l d i f f e r ­
e n t i a l e q u a t i o n , a n d A b e t h e s o l u t i o n o f t h e c o r r e s p o n d i n g 
p a r t i a l d i f f e r e n c e e q u a t i o n o b t a i n e d b y a p p r o x i m a t i n g t h e 
d e r i v a t i v e s o f t h e o r i g i n a l e q u a t i o n b y d i f f e r e n c e q u o t i e n t s . 
T h e n ( D - A ) i s c a l l e d t h e t r u n c a t i o n e r r o r a n d t h e p r o b l e m 
o f c o n v e r g e n c e i s t h a t o f f i n d i n g c o n d i t i o n s u n d e r w h i c h 
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( D - A ) T E N D S T O Z E R O A S T H E M E S H S I Z E T E N D S T O Z E R O . T H I S 
P R O B L E M H A D B E E N W I D E L Y T R E A T E D , A N D A C L A S S I C P A P E R O N I T 
I S T H A T O F C O U R A N T , F R I E D R I C H S , A N D L E W Y [ J ] . W H I L E C O N ­
V E R G E N C E I S T O U C H E D O N B R I E F L Y I N C H A P T E R I I , I T I S N O T T H E 
M A I N C O N C E R N O F T H I S S T U D Y • T H E I N T E R E S T E D R E A D E R I S 
R E F E R R E D T O [ 3 ] A S W E L L A S T O A D I S C U S S I O N I N C H A P T E R I I I 
° F M E T H O D S O F A P P L I E D M A T H E M A T I C S B Y P . B . H I L D E B R A N D [ 4 ] , 
T H E N U M E R I C A L M E T H O D S O F S O L U T I O N O F P A R T I A L D I F F E R ­
E N T I A L E Q U A T I O N S F A L L I N T O T W O G E N E R A L C A T E G O R I E S : T H O S E 
I N W H I C H T H E V A L U E T O B E D E T E R M I N E D A T T H E NTB S T E P A R E 
E X P R E S S E D E X P L I C I T L Y I N T E R M S O F K N O W N V A L U E S , A N D T H O S E I N 
W H I C H T W O O R M O R E V A L U E S T O B E D E T E R M I N E D A T T H E N*B S T E P A R E 
R E L A T E D T O K N O W N V A L U E S . T H E F O R M E R A R E K N O W N A S E X P L I C I T 
O R W S T E P - B Y - S T E P W M E T H O D S ; T H E L A T T E R A R E K N O W N A S I M P L I C I T 
M E T H O D S . T H E I M P L I C I T M E T H O D S R E Q U I R E T H E S O L U T I O N O F N - 2 
S I M U L T A N E O U S L I N E A R E Q U A T I O N S — N B E I N G T H E N U M B E R O F M E S H 
P O I N T S I N O N E D I R E C T I O N . A L T H O U G H T H E I M P L I C I T M E T H O D S 
G E N E R A L L Y H A V E L E S S T R U N C A T I O N E R R O R A N D B E T T E R S T A B I L I T Y 
P R O P E R T I E S A N D A R E T H E O N E S M O S T W I D E L Y U S E D A T T H E P R E S E N T 
T I M E , T H E Y W E R E C O N S I D E R E D T O B E I M P R A C T I C A L F O R T H E P R E S E N T 
P R O B L E M S I N C E T H E S Y S T E M S O F E Q U A T I O N S I N V O L V E D W O U L D H A V E 
B E E N O F T O O L A R G E A N O R D E R F O R T H E P A R T I C U L A R C O M P U T I N G 
M A C H I N E A V A I L A B L E . 
I T W I L L B E O B S E R V E D T H A T T H E S E C O N D E Q U A T I O N O F T H E 
S Y S T E M ( 1 ) I S A N I N H O M O G E N E O U S P A R A B O L I C E Q U A T I O N O F T H E 
H E A T C O N D U C T I O N T Y P E . T H E M O S T G E N E R A L A N D C O M P L E T E 
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t r e a t m e n t o f t h e s o l u t i o n o f p a r a b o l i c e q u a t i o n s b y e x p l i c i t 
m e t h o d s w a s f o u n d i n a r e c e n t p a p e r b y F r i t z J o h n I n 
C h a p t e r I I t h e m a t e r i a l f r o m [5] i s m o d i f i e d s o a s t o b e 
p e r t i n e n t t o t h e p r e s e n t p r o b l e m , a n d a g e n e r a l s t a b i l i t y 
c r i t e r i o n f o r t h e s o l u t i o n o f t h e h e a t e q u a t i o n i s p r e s e n t e d . 
T h e p r o b l e m c o n s i d e r e d i n t h i s s t u d y , h o w e v e r , r e q u i r e s 
n o t o n l y t h e s t a b i l i t y o f t h e p r o c e d u r e t o s o l v e t h e h e a t 
e q u a t i o n b u t a l s o t h e s t a b i l i t y o f t h e o v e r a l l p r o c e d u r e 
w h i c h s o l v e s t h e s y s t e m ( 1 ) . T h i s p r o b l e m i s c o n s i d e r e d 
i n C h a p t e r I I I , t o g e t h e r w i t h a d i s c u s s i o n o f t h e t r u n c a t i o n 
e r r o r s o f t h e v a r i o u s n u m e r i c a l a p p r o x i m a t i o n s u s e d . 
T w o n u m e r i c a l e x a m p l e s w i l l b e c o n s i d e r e d . T h e f i r s t 
i s a s p e c i a l c a s e o f (1) i n w h i c h X • 0, a n d n ( x ) a n d cX(x) 
a r e c o n s t a n t s * T h i s c a s e r e p r e s e n t s a s i t u a t i o n i n w h i c h 
T ( x , t ) i s i n d e p e n d e n t o f X a n d i s u s e f u l i n s t u d y i n g t h e 
e f f e c t o f t h e t r u n c a t i o n t e r m s w h i c h d e p e n d o n t . I t w i l l 
a l s o b e s h o w n t h a t t h e s o l u t i o n i n t h i s c a s e i s p e r i o d i c ; 
a n d t h u s i t m a y b e u s e d a s a c h e c k o n t h e n u m e r i c a l p r o ­
c e d u r e . T h e s e c o n d e x a m p l e i s o n e f o r w h i c h X - 0. B o t h 
p r o b l e m s p r o v i d e s p e c i a l c a s e s o f a c o n t i n u o u s m e d i u m 
r e a c t o r w h i c h h a s t h e p r o p e r t y o f d y n a m i c s t a b i l i t y . 
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CHAPTER II 
NUMERICAL SOLUTION OP A PARABOLIC PARTIAL 
DIFFERENTIAL EQUATION 
Preliminary considerations.—One purpose of this chapter is 
to establish a mathematical definition of stability of 
numerical procedures for solving the equation: 
T^(x,t)
 f . v k2T(x,t) 
^ t— - a (x,t) ^  g + d (x,t) (3 ) 
with the initial condition 
T(x,o) - TQ(x) ; ( 4 ) 
the region of consideration is: 
R: - oo -<£x ^  oo , o t ^  t 
' — — n 
It will be assumed that a(x,t) is positive and bounded away 
from zero in R and that d(x,t) is bounded in R. 
With the definition established, necessary and 
sufficient conditions for stability which are applicable to 
"Unless specifically noted otherwise, the capital letter R will refer to this particular region for the 
remainder of this chapter. 
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t h e n u m e r i c a l e x a m p l e s o f t h e l a t e r c h a p t e r s w i l l h e g i v e n . 
I n t h i s r e s p e c t i t s h o u l d b e n o t e d t h a t e q u a t i o n ( 3 ) i s 
s o m e w h a t m o r e g e n e r a l t h a n t h e a c t u a l n u m e r i c a l e x a m p l e s 
s o l v e d i n t h i s s t u d y . H o w e v e r , t h e m o r e g e n e r a l a n a l y s i s i s 
p r e s e n t e d i n o r d e r t h a t t h e r e s u l t s w i l l h a v e a w i d e r a r e a 
o f a p p l i c a t i o n . 
A d i f f e r e n c e e q u a t i o n w h i c h a p p r o x i m a t e s e q u a t i o n (3) 
i s o b t a i n e d b y r e p l a c i n g t h e d e r i v a t i v e s i n (3) w i t h d i f f e r ­
e n c e q u o t i e n t s . O n e w a y o f a c c o m p l i s h i n g t h i s i s a s f o l l o w s : 
I f T ( x , t ) i s o f c l a s s 0 N + 1 w i t h r e s p e c t t o t — t h a t i s , T ( x , t ) 
a n d i t s f i r s t n+1 p a r t i a l d e r i v a t i v e s w i t h r e s p e c t t o t a r e 
c o n t i n u o u s — t h e n , b y T a y l o r ' s f o r m u l a w i t h r e m a i n d e r , 
f o r s o m e f : t 1* < t + k . N o w , t h e d e r i v a t i v e s w i t h 
r e s p e c t t o t i n (5) c a n b e r e p l a c e d b y e q u i v a l e n t e x p r e s s i o n s 
i n v o l v i n g d e r i v a t i v e s w i t h r e s p e c t t o x b y u s i n g e q u a t i o n 
( 3 ) — a s s u m i n g s u f f i c i e n t s m o o t h n e s s o f T ( x , t ) w i t h r e s p e c t 
t o x . I f , t h e n , t h e s e d e r i v a t i v e s w i t h r e s p e c t t o x a r e 
r e p l a c e d b y d i f f e r e n c e q u o t i e n t s , a n ( e x p l i c i t ) d i f f e r e n c e 
e q u a t i o n f o r t h e v a l u e T ( x , t + k ) r e s u l t s . 
T ( x , t + k ) - T ( x , t ) 
+ £ k £ ^ j T ( x , t ) 
d - i j \ 5 t " T ~ 
(5) 
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FOR EXAMPLE, TAKING N = 1 IN EQUATION (5) GIVES THE 
FOLLOWING RESULT: 
T(X,T+K) - T(X,T) + * ^ * Y T ) + B1(X,T) , 
WHERE B 1(X,T) IS THE TRUNCATION ERROR TERM. THUS, IF THE 
SECOND DERIVATIVES OF T(X,T) IS HOUNDED IN R THEN |B 1(X,T)| 
£ MK2 FOR (X,T) IN R AND M A POSITIVE CONSTANT. SUBSTI­
TUTION FOR AS GIVEN BY (3) YIELDS, 
T(X,T+K) - T(X,T) + KA(X,T) + KD(X,T) + B1(X,T) . (6) 
IN CENTRAL DIFFERENCE NOTATION: 
WHERE IS THE CENTRAL DIFFERENCE OPERATOR WITH RESPECT TO 
x (Of. [6]) . LET 
+E 2 (X,T) , 
WHERE 2<2(X,T) IS THE TRUNCATION ERROR OF THE DIFFERENCE 
REPRESENTATION, AND SUBSTITUTE IN ( 6 ) . THEN 
T(X,T+K) - 2 _ CT%(X,T,H,K)T(X+RH,T) + KD(X,T) + E(X,T) , (7) N« 
9 
w h e r e 
0 
k a ( x . t ) 
. ° o - 1 " 
2ka(x,t) k a ( x , t ) 
- 1 
a n d 
B ( x , t ) - B 1 ( x,t) + B 2 ( x , t ) * 
N o w l e t u ( x , t ) b e t h e s o l u t i o n o f t h e d i f f e r e n c e e q u a t i o n : 
w h e r e t h e c o e f f i c i e n t C p ( x , t , h , k ) a r e t h e s a m e a s i n ( 7 ) a n d 
t h e s o l u t i o n u ( x , t ) o f ( 8 ) h o l d s a t e v e r y p o i n t ( x , t ) o f H 
w h i c h i s o n t h e " h b y k " m e s h ( o r l a t t i c e ) c o v e r i n g R . A l s o , 
l e t u ( x , t ) s a t i s f y t h e i n i t i a l c o n d i t i o n ( 4 ) . T h e q u a n t i t y 
B ( x , t ) i s t h e t r u n c a t i o n e r r o r o f t h e p r o c e d u r e . I t w i l l b e 
t r e a t e d i n d e t a i l i n t h e l a t e r c h a p t e r s w h e r e n u m e r i c a l 
e x a m p l e s a r e t r e a t e d . B y t a k i n g h i g h e r o r d e r t e r m s i n t h e 
e x p a n s i o n ( 5 ) » a n d b y t a k i n g h i g h e r o r d e r d i f f e r e n c e a p p r o x i ­
m a t i o n o f t h e d e r i v a t i v e s o n e c a n o b t a i n " b e t t e r " a p p r o x i ­
m a t i o n s t o e q u a t i o n ( 3 ) — t h a t i s , a p p r o x i m a t i o n s i n w h i c h 
t h e t r u n c a t i o n e r r o r i s s m a l l e r t h a n t h e o n e r e s u l t i n g f r o m 
t h e a p p r o x i m a t i o n ( 8 ) . I n a l l c a s e s e q u a t i o n ( 8 ) t a k e s t h e 
f o r m : 
u ( x , t + k ) O r ( x , t t h , k ) u ( x + r h , t ) + k d ( x , t ) , ( 8 ) 
p—N 
( 9 ) 
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I t w i l l be assumed that w ( x , t , k ) is bounded in R and t h a t 
l im w ( x , t , k ) =» d ( x . t ) 
k-*0 
In order to consider the C p as functions of x , t , and h i t 
is assumed that k is some def in i te funct ion of h, say g (h ) , 
where 
l im g(h) - 0 . 
h-+0 
A basio set of conditions on the O p ( x , t f h ) under 
whioh the solut ion u ( x , t ) of (9) approximates the solut ion 
T ( x , t ) of (3) are obtained by wr i t ing (9) in the form:* 
u(x , t , k ) - , ( „ t ) . . 1
 u ( x > t ) + 1 £ o r ( x , t , h ) « ( . , * , * ) 
r 
+ w ( x , t , k ) , (10) 
and requir ing that (10) become (3) in the l imi t as h (and k) 
approach zero . The conditions thus obtained are necessary 
condit ions f o r convergence, and they are cal led "compatabi l i ty 
re la t ions" by F r i t z John 171y whose development w i l l be 
fol lowed here. Equation (10) can be wr i t ten in the form 
•Unless e x p l i c i t l y noted otherwise, a l l summations 
with respect to r w i l l extend from - N to +N f o r the re ­
mainder of the thes is . 
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u ( x , t + k ) - u ( x , t ) l V "
 e n f . . . f N / , , v 
2
 r 1 — a £ / ( O r ( x , t , h ) - < ^ r ) u ( x + r h , t ) 
r 
+ w ( x , t , k ) , (11) 
w h e r e ^ p i s t h e K r o e n e c k e r d e l t a . I f u ( x , t ) i s o f c l a s s C 2 
w i t h r e s p e c t t o x f o r ( x , t ) i n R , o n e m a y w r i t e 
u ( x + r h , t ) - u C x . t ) + r h ^ 1 ^ 2 + S ^ ! Sfo|,t) + £ | ! n ( x , t , h ) , 
w h e r e 
l i m n ( x , t , h ) - 0 • 
h - + 0 
W h e n c e , o n s u b s t i t u t i o n i n ( 1 1 ) , 
u ( x , t + k ) - u ( x f t ) 1 
k E 
^ _ ( C r ( x , t , h ) u ( x , t ) 
T ( O r ( x , t , h ) 
o x 
*i Zl (oB(x,t,h) A 2 ^ ( x . t ) 
^ x 2 
*i y (o r(x,t,h) r 2 h 2 — 5 — n ( x , t , h ) 
+ w ( x , t , k ) . ( 1 2 ) 
T h e r e q u i r e m e n t t h a t ( 1 2 ) g o e s o v e r i n t o ( 3 ) a s h ( a n d k ) 
a p p r o a c h z e r o i m p l i e s : 
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lim | 5 I ( C r - c £ r ) - 0 , 
h + 0 ~ 
l J o J ^ r ( O r - ^ ) - 0 , ( 1 5 ) 
J t a - • < * . * > . 
I t w i l l now be assumed that the C 7 ( x , t , h ) are bounded in R. 
Note that this i s the case for equation (7) i f a (x , t ) i s 
bounded in R. Recall that a (x , t ) was assumed positive and 
bounded away from zero in R. Then from the last relation in 
h 2 
(13) one obtains the result that lim exists and i s 
h-*0 * 
posi t ive, say ^ , and that 
r 
In order that 
11a T • ^ , A > 0 , 
h + 0 a 
exists i t i s suff ic ient to assume that - A . For the 
h 2 
purpose of this study i t w i l l also be suff ic ient to assume 
that once A , a positive constant, i s chosen the O r (x , t ,h ) 
are in fact independent of h and depend only on x , t , and 
the number A • 
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T h e a b o v e c o n s i d e r a t i o n s l e a d t o t h e f o l l o w i n g r e s u l t : 
T h e o r e m 1 . T h e d i f f e r e n c e e q u a t i o n (9) w i l l b e 
c o m p a t i b l e w i t h t h e d i f f e r e n t i a l e q u a t i o n (3) i f : 
k / h 2 - A . ? [ > 0 , 
O r ( x , t ) a r e u n i f o r m l y b o u n d e d i n R , 
^ r 2 ( C p ( x , t ) - 2 / L A(x,t) ( 1 4 ) 
£ 3 r ( C r ( x , t ) - 0 
r 
2 7 c r ( x , t ) - 1 . 
r 
S t a b i l i t y c o n s i d e r a t i o n s o — F o r a g i v e n f u n c t i o n g ( x ) a n d 
f o r e v e r y m a n d h l e t t h e o p e r a t o r L ^ h b e d e f i n e d b y t h e 
f o l l o w i n g r e l a t i o n s : 
L ^ C g ( x ) 3 = 0 f o r t ^ . ( m + l ) k , (15) 
L m h C * ( x ) ] = e ( x ) f o r * - < m + 1 ) k » < 1 6 ) 
L m h C s ( x ) ] = v < x t t ) f o r t ^ ( m + l ) k , 
w h e r e v ( x 9 t ) s a t i s f i e d t h e h o m o g e n e o u s d i f f e r e n c e e q u a t i o n 
v ( v , t + k ) - J T c r ( x , t ) v ( x + r h , t ) - 0 (17) 
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T h e s o l u t i o n o f t h e i n h o m o g e n e o u s e q u a t i o n (9) c a n t h e n b e 
e x p r e s s e d b y m e a n s o f s u p e r p o s i t i o n o f s o l u t i o n s o f t h e f o r m 
(15) a n d ( 1 6 ) w h i c h e m p l o y s t h e o p e r a t o r L ^ o C o n s i d e r t h e 
i n h o m o g e n e o u s e q u a t i o n : 
u ( x , t + k ) = JT^C r(x,t) u ( x + r h , t ) + k w ( x , t , k ) , ( 1 8 ) 
r 
w h e r e 
u ( x , 0 ) • u 0 ( x ) 
T a k e t h e s e q u e n c e 
£ L N C u Q ( x ) ] 9 
L 0 h ^ w ( x > ° 9 k 1 9 
o 
0 
o 
o 
o 
o 
a n d c o n s i d e r t h e s o l u t i o n u ( x , t ) o f ( 1 8 ) a t a n y g i v e n t i m e , 
s a y t - M k o T h e n f r o m (15) 
L m h C w ( x , t m , k ) ] = 0 f o r m ^ M 
T h e o r e m 2 0 T h e s o l u t i o n u ( x , t ) o f e q u a t i o n ( 1 8 ) i s 
1 5 
g i v e n b y : 
M - l 
u ( x , t ) = L m h C f m < x ) ] > 
m = - l 
( 1 9 ) 
w h e r e 
f m ( x ) = ^ 
v. 
u Q ( x ) m - - 1 
k w ( x , t m , k ) m £ 0 
( 2 0 ) 
P r o o f : T h e p r o o f f o l l o w s e a s i l y f r o m d i r e c t s u b s t i t u t i o n o f 
( 1 9 ) i n ( 1 8 ) . N o w , 
M 
m = ~ l 
u ( X , t + k ) = 21 [ v x > ] 
a n d 
M - l 
u ( x , t ) = L m h C f m ( x ) ] 
m = - l 
f o r t = M k o T h u s 
M - l 
> L M h C f m < x > ] + L m h C f m < x > 3 
m — 1 
M - l 
= ^ C r ( x 9 t ) L m h C f m ( x ) ] + k w ( x , t , k ) 
m — 1 
S i n c e a l l s u m s o f t h i s e q u a t i o n a r e f i n i t e i t m a y b e 
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r e a r r a n g e d a s f o l l o w s : 
M - l 
2 
m « - l 
L m h C fm™ ] - HoTCx9t) L m h [ f ( x ) J 
+ L m h C f m ( x ) ] = 
(21) 
N o w , "by t h e t h i r d p r o p e r t y o f L m h [ g ] a s g i v e n b y (16) t h e 
q u a n t i t y i n b r a c k e t s i s z e r o f o r m = - l , 0 , . M - l ; m o r e o v e r , 
f r o m ( 2 0 ) , 
L m h C f m ( x ) ] " ^ C x , t , k ) 
f o r t » Mko H e n c e ( 2 1 ) r e d u c e s t o t h e i d e n t i t y : 
k w ( x , t , k ) = k w ( x , t , k ) , 
a n d t h u s u ( x , t ) a s g i v e n b y ( 1 9 ) i s a s o l u t i o n o f (18). 
Q . Bo D. 
T h e n o r m o f t h e o p e r a t o r , - v ( x , t ) , i s d e f i n e d a s . 
m h 
v ( x , t ) • l o U o b v ( x , t ) ( 2 2 ) 
w h e r e R n d e n o t e s t h e t o t a l i t y o f m e s h p o i n t s i n t h e r e g i o n R, 
T n e
 n o r m o f a f u n c t i o n g ( x ) i s d e f i n e d a s : 
S ( x ) [ l . U o b 
s 
g ( s h ) ( 2 3 ) 
w h e r e s e x t e n d s o v e r a l l t h e i n t e g e r s . E q u a t i o n (18) i s 
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d e f i n e d t o b e s t a b l e i f t h e o p e r a t o r s a r e u n i f o r m l y 
b o u n d e d ( i n t h e s e n s e o f t h e n o r m ( 2 2 ) ) i n m a n d h f o r 
k = A h 2 
0 t t 
— — n 
P r o m t h e f i r s t r e l a t i o n i n ( 1 6 ) n o t e t h a t f o r t ^ 0 i t 
f o l l o w s t h a t [ g ] 3 0 f o r a l l m » T h u s ( 2 4 ) m a y b e 
e q u i v a l e n t l y w r i t t e n 
( 2 4 ) 
k f t ^ t n 
(25) 
E q u i v a l e n t l y , e q u a t i o n ( 1 8 ) i s s t a b l e i f t h e r e e x i s t s a 
p o s i t i v e c o n s t a n t Q , i n d e p e n d e n t o f m a n d h , s u c h t h a t f o r 
e v e r y u ( x , t ) s a t i s f y i n g t h e h o m o g e n e o u s e q u a t i o n (17) i t i s 
t r u e t h a t 
v ( x , t ) ^ Q l o U . b . 
x 
v ( x , t Q ) ( 2 6 ) 
f o r t A <i t ^ t ^ 
o — — n 
A s s u m e e q u a t i o n ( 1 8 ) i s s t a b l e , a n d l e t u ( x , t ) b e 
w r i t t e n i n t e r m s o f t h e o p e r a t o r s . T h e n 
M - l 
u ( x , t ) =
 L
_i N C u 0 ( x ) J + k ^2 L m h C w ( x , m k ) J 
m = 0 
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where t • Mk. Applying the definition of stability (26) give 
u(x,t) £ Q l o U o b . u0(x) + kQ l o U o b . w(x,0) + . 
+ kQ l o U o b o w(x,mk) x 1 
or 
u(x,t)| £ Q C l o U o b o u0(x) + Mk l o U o b . |w(x,mk)| ) . 
Using the definitions (22) and (23)» this may be writen 
tu(x,t)| £ Q( |K(x)|| + t |w(x,mk)| ) . 
And since this is true for all t in R it folows that 
*(x,t)|| * Q ||u0|| + Qta |w (2?) 
Thus if equation (18) is stable the solution u(x,t) is 
bounded in R, and moreover a bound can be given in terms of 
the bounds of UQ(X) and w(x,t,k). 
Recal that in Chapter I stability was defined to 
mean that errors commited at one step of the computation 
do not grow without bound as the computation is carried 
forward. The relations (22), (23), (26), and (27) imply 
stability of (18) in this sense; for let u(x,t) be the 
exact solution of (18) at a given step coresponding to 
tQ—there is no loss of generality in assuming tQ • 0— 
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AND LET V(X,T) BE AN APPROXIMATE SOLUTION, THEN 
U(X,T+K) - OR(X,T) U(X+RH,T) + KW(X,T) , 
R 
V(X,T+K) -2JoR(K,T) V(X+RH,T) + KW(X,T) 
R 
LET 
E(X,T) • U(X,T) - V(X,T) , 
AND THAN 
E(X,T+K) « ^ O P ( X , T ) E(X+RH,T) . (28) 
R 
THUS THE ERROR—FROM ANY SOURCE—SET A GIVEN STEP WILL 
BE PROPAGATED BY THE HOMOGENEOUS EQUATION, AND THE TOTAL 
ERROR AT TIME T CAN BE TAKEN AS A SUPERPOSITION OF SUCH 
"ERROR" FUNCTIONS. THUS THE DEFINITION OF STABILITY IN 
TERMS OF THE BOUNDEDNESS—IN THE SENSE OF THE NORM (22), 
(23)—OF THE SOLUTIONS OF THE HOMOGENEOUS DIFFERENCE EQUATION 
ASSURES THAT AN ERROR COMMITTED AT STEP j WILL NOT GROW WITH­
OUT BOUND, AND IN FACT THE TOTAL ERROR INCREASES AT MOST LIKE 
THE NUMBER OF STEPS TAKEN IN THE T DIRECTION. IN PARTICULAR 
IF EM(X) REPRESENTS AN ERROR DISTRIBUTION AT T - MK, AND 
B - l o U . B . B (X) ; THEN 
X I 
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e m ( x , t ) — ^  m 
f o r some Q ^ 0, and m * 0, 1 , . . . , M- l ; where e m ( x , t ) is the 
error in v ( x , t ) f o r t * Mk> mk, due to an error d is t r ibu t ion 
B « ( x ) at t - mko Let B « max EL. Let E„ be the m ^ . _ ^
 M m n 
0 f ni ^ H 
least upper bound of the error in v ( x , t ) at step t = Mk. 
Then 
E M < L QME (29) 
Before s tat ing necessary and su f f i c ien t conditions f o r 
s t a b i l i t y , consider the fo l lowing example. In equation (3) 
le t d ( x , t ) jjj 0 and a ( x , t ) ~ 1 . Corresponding to equation (8) 
the fo l lowing dif ference equation is obtained. 
u ( x , t+k ) = / l ( u ( x+h , t ) + u ( x - h , t ) ) + ( 1 - 2 ^ ) u ( x , t ) . (30) 
Assume that u ( x , t ) sa t is f ies the i n i t i a l condi t ion: 
u (x ,0 ) = e i w x , ( 3 D 
where the domain of x is the ent i re real ax is , and w is an 
a rb i t ra ry real number. The coef f ic ients 0 p f o r (30) are then, 
° - l = c i = ^ » c 0 + 1 - 2 ? - > c r Z 0 |r| > 1 . 
These quant i t ies are easi ly seen to sa t i s fy the "compat ib i l i ty 
re la t ions" (14 ) corresponding to (8) with d ( x , t ) ~ 0, 
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a(x,t) E l o ? o r equation (30) a solution may be readily 
obtained by a separation of variables method. Let 
u(x,t) = f (x) g(t) 
then the in i t i a l condition (31) requires that 
f (x) = e i w x (32) 
S(0) = 1 (33) 
Equation (30) becomes on substitution for u(x , t ) : 
e i w ( x ) S ( t + k ) - A ( e i w ( x + h ) • e i w ( x " h ) ) g(t) • ( l - 2 ^ ) e i w x g ( t ) . 
then 
g(t+k) = [ ^ ( e i w h + e~lvh) + (1 -2^) ] g(t) , 
or equivalently 
g(t+k) = (2A(cos wh-1) + 1) g(t) o 
Let 
b = 2 A(cos wh-1) + 1 o (34) 
Then g(x) satisfies the recursion formula 
g(t+k) = b g(t) , 
and thus, 
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g(k) - b g(O) - b 
g(2k) - b 2 
g(mk) - b m 
Then 
u ( x , t ) - b n e l w x - b t / k e i w x 5 (55) 
whence 
|u (x , t ) | | - b | m , since e i w x 
In order that | |u(x, t) | | remain bounded a s m 4 oo i t is 
necessary and su f f i c ien t that |b | ± !• Thus i t fol lows that 
a necessary and su f f i c ien t condit ion f o r the s t a b i l i t y of ( 3 0 ) 
is that 
- 1 £ 2 A(cos wh-1) + U 1 , 
or 
-2 f 2 /Kcos wh-1) £ 0 . 
The r ight-hand inequal i ty holds t r i v i a l l y ; f o r the le f t -hand 
inequal i ty to hold f o r a l l real w i t is necessary and 
su f f i c ien t that /I £ ^ 2 • This requirement in terms of the 
23 
c o e f f i c i e n t s , C r , o f t h e d i f f e r e n c e e q u a t i o n ( 3 0 ) i s t h a t 
0 < 0
- ] L <
 1 / 2 
0 < C Q < 1 ( 3 6 ) 
0 < 01 £ 1/2 o 
R e c a l l a l s o t h a t t h e C p s a t i s f y t h e c o m p a t i b i l i t y r e l a t i o n s 
( 1 4 ) o F o r t h i s p a r t i c u l a r e x a m p l e , t h e n , n e c e s s a r y a n d 
s u f f i c i e n t c o n d i t i o n s f o r s t a b i l i t y a r e o b t a i n a b l e i n t e r m s 
o f t h e c o e f f i c i e n t s o f t h e d i f f e r e n c e e q u a t i o n . I t i s t o b e 
h o p e d t h a t s u c h a r e s u l t i s a l s o p o s s i b l e i n m o r e g e n e r a l 
s i t u a t i o n s , a n d t h i s i n f a c t i s t r u e . T h e t h e o r e m s w h i c h 
f o l l o w a r e p r o v e d b y F r i t z J o h n [ 8 ] , a n d t h e i n t e r e s t e d 
r e a d e r i s r e f e r r e d t o h i s p a p e r f o r t h e p r o o f s . 
T h e o r e m A, n e c e s s a r y c o n d i t i o n f o r s t a b i l i t y o f 
t h e d i f f e r e n c e e q u a t i o n : 
u ( x , t + k , h ) - X C _ ( x , t , h ) u ( x + r h , t , h ) + k d ( x , t ) ( 3 7 ) 
r 
i s t h a t t h e c o e f f i c i e n t s C p ( x , t ) s a t i s f y t h e i n e q u a l i t y 
Z C p ( x , t , 0 ) e i r 9 
r r 
6 1 (38) 
f o r a l l r e a l © a n d a l l ( x , t ) i n R ; a n d p r o v i d e d C r ( x , t , h ) 
a r e c o n t i n u o u s f u n c t i o n s o f x , t , h . 
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N o t e t h a t i n t h i s t h e o r e m a m o r e g e n e r a l s i t u a t i o n i s 
a l l o w e d i n w h i c h t h e c o e f f i c i e n t s [ m a y ] d e p e n d e x p l i c i t l y o n 
ho R e c a l l t h a t p r e v i o u s l y i n t h i s s t u d y i t w a s a s s u m e d t h a t 
t h e c o e f f i c i e n t s d e p e n d e d o n l y o n t h e m e s h r a t i o X i n a d d i t i o n 
t o x a n d t . H o w e v e r , t h e s o l u t i o n o f (37) a l s o d e p e n d s e x ­
p l i c i t l y o n h, a n d h e n c e t h e n o t a t i o n u ( x , t , h ) . I n h i s p a p e r 
F r i t z J o h n a s s u m e s t h e O p ( x , t , h ) t o b e o f t h e f o r m 
h 2 
O r ( x , t , h ) - C p 0 ( x , t ) + h C p l ( x , t ) + ^ C p 2 ( x , t , h ) , (39) 
w h e r e 
l i m C
 P ( x , t , h ) = C 2 ( x , t , 0 ) 
h+ 0 c 
u n i f o r m l y f o r ( x , t ) i n R . N o t e , t h e n , t h a t t h e r e q u i r e m e n t 
(38) r e d u c e s t o a r e q u i r e m e n t o n t h e O r Q ( x , t ) i n w h i c h a g a i n 
h d o e s n o t e n t e r e x p l i c i t l y . 
N o t e a l s o t h a t t h e c o n d i t i o n (38) f o r e q u a t i o n (30) 
I s e x a c t l y t h e c o n d i t i o n t h a t t h e q u a n t i t y b a s g i v e n b y 
e q u a t i o n (34) b e n o t g r e a t e r t h a n o n e i n a b s o l u t e v a l u e . I n 
t h a t e x a m p l e t h e c o e f f i c i e n t s a r e p o s i t i v e c o n s t a n t s a n d t h i s 
c o n d i t i o n f o r s t a b i l i t y i s s u f f i c i e n t a s w e l l a s n e c e s s a r y . 
H o w e v e r , f o r t h e g e n e r a l c a s e a s o m e w h a t s t r o n g e r s u f f i c i e n c y 
c o n d i t i o n i s r e q u i r e d . T h i s c o n d i t i o n i s g i v e n b y t h e 
f o l l o w i n g t h e o r e m . 
T h e o r e m 4 . L e t t h e c o e f f i c i e n t s O p ( x , t ) o f t h e 
d i f f e r e n c e e q u a t i o n (37) s a t i s f y t h e c o m p a t i b i l i t y r e l a t i o n s 
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( 1 4 ) o A s s u m e a l s o t h a t t h e q u a n t i t i e s 
C p ( x , t ) 9 
^
2 ( 4 0 ) 
e x i s t a n d a r e u n i f o r m l y h o u n d e d i n R , a n d t h a t t h e r e e x i s t s 
a p o s i t i v e n u m b e r M i n d e p e n d e n t o f x a n d t s u c h t h a t 
,2 
Z~ C r ( x 9 t ) e 
r 
i r 0 
z. e 
- M O ' 
f o r 6 <L TT o ( 4 1 ) 
T h e n t h e d i f f e r e n c e e q u a t i o n (37) i s s t a b l e . 
T h i s t h e o r e m i s s t a t e d h e r e f o r t h e l e s s g e n e r a l f o r m 
o f t h e C p ( x , t ) o I t i s g i v e n i n t h e r e f e r e n c e f o r t h e f o r m 
(39)i a n d f o r t h a t s i t u a t i o n t h e c o m p a t i b i l i t y r e q u i r e m e n t s 
a n d s m o o t h n e s s r e q u i r e m e n t s a r e e x t e n d e d t o i n c l u d e t h e 
f u n c t i o n s C p ^ ( x , t ) a n d C p 2 ( x , t , h ) a F o r m a n y a p p l i c a t i o n s 
t h e C r w i l l a l l b e p o s i t i v e c o n s t a n t s » T h e o r e m 5 w h i c h 
f o l l o w s s h o w s t h a t i n t h i s c a s e e q u a t i o n (37) w i l l b e s t a b l e . 
A s i m i l a r t h e o r e m f o r t h e m o r e g e n e r a l f o r m (39) o f t h e C p 
w h e r e t h e C p Q a r e a l l p o s i t i v e c o n s t a n t s i s p r o v e d "by F r i t z 
J o h n L9J. 
T h e o r e m £ o T h e c o e f f i c i e n t s o f t h e d i f f e r e n c e e q u a t i o n 
(27) w i l l s a t i s f y t h e r e q u i r e m e n t s o f T h e o r e m 4 i f a l l t h e 
c o e f f i c i e n t s C p ( x , t ) a r e p o s i t i v e c o n s t a n t s , s a y c p , a n d 
2X = i ( 4 2 ) 
2 6 
r 
( 4 3 ) 
P r o o f : I t i s c l e a r t h a t t h e a b o v e h y p o t h e s i s i s 
s u f f i c i e n t t o i n s u r e t h a t t h e c p s a t i s f y t h e c o m p a t i b i l i t y 
c o n d i t i o n s ( 1 4 ) a n d a l s o t h e e q u a t i o n s ( 4 2 ) a n d ( 4 3 ) . N o w 
c e 
r 
i r © 
r * 0 , 1 
» 1 L i r e ~ i © c r 1 P + c Q + c x e ( 4 4 ) 
A l s o , 
c Q + c x e 
1 9 
_ _ 
( C Q + c 1 c o s 9 ) + ( c 1 s i n 9 ) , 
^ c Q
2
 + 2 C Q C 1 C O S 9 + c 1 2 , 
^ ( c Q + c x ) 2 + 2 c Q c 1 ( c o s 9 - 1 , 
\Aco + c i > 2 - 4 co ci s i n 2 I • ( 4 5 ) 
S u b s t i t u t i o n o f ( 4 2 ) a n d ( 4 5 ) i n ( 4 4 ) y i e l d s , 
£ 1 - ( C Q + C ^ + ^ / ( c 0 ^ c 1 ) 2 - 4 c o C l s i n 2 | . ( 4 6 ) 
p 2 
N o w ( C q - C q ^ ) > 0 , i m p l i e s ( C Q + C ^ ^ ^ c q c i » w h i c h i n t u r n 
i m p l i e s 
4
° 0 ° 1 
( o 0 + C l ) 
t h e s q u a r e r o o t i n ( 4 6 ) g i v e s : 
2 ^ 1 • U s i n g t h e b i n o m i a l e x p a n s i o n f o r 
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I c e r i rQ £ 1 - (Cq+Cj^ ) + ( c n +c , ) (1 -
2 c 0 c l 2 s in
 2 ) 
Then 
Z c r e i rQ ^ 1 - s 2 ^ - ( i ~ c o s 9 ) - 1 + 3S-
c 0 1 0 °1 
4 
2 
Now fo r Q £ f f j ^ < 5 / 1 2 » t h u s 
i rQ 
c O + c l 1 2 ~ 
C 0 C 1 
where 0 < M < /12 (c Q +c 1 ) . Thus the conditions of 
Theorem 4 are f u l f i l l e d . ft.E.D. 
I t should be remarked that the foregoing s t a b i l i t y 
considerations apply only to those equations in which the 
domain of x is the ent i re real ax is . These resul ts do not 
(necessar i ly) apply to those equations where the domain of 
x is a f i n i t e in te rva l and modif icat ion of the s t a b i l i t y 
c r i t e r i a is (general ly) required. In th is study the domain 
of x is always taken to be the i n f i n i t e in terva l unless 
otherwise stated. 
Once s t a b i l i t y is established one may, with sui table 
res t r i c t i ons , prove not only the convergence of the solut ion 
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o f t h e d i f f e r e n c e e q u a t i o n t o t h e s o l u t i o n o f t h e d i f f e r ­
e n t i a l e q u a t i o n , b u t a l s o t h e e x i s t e n c e o f a s o l u t i o n t o t h e 
d i f f e r e n t i a l e q u a t i o n . T h e f o l l o w i n g t h e o r e m o n c o n v e r g e n c e 
i s p a r t i c u l a r l y s u i t e d t o t h e p u r p o s e o f t h i s s t u d y . 
T h e o r e m 6. L e t T ( x , t ) b e a s o l u t i o n o f (3) a n d (4) 
s u c h t h a t 
T ( x , t )
 ^ ' I ? '3114 ^ 
a r e u n i f o r m l y c o n t i n u o u s a n d b o u n d e d i n R . L e t u ( x , t , h ) b e 
t h e s o l u t i o n o f (7)» a n d a s s u m e t h e s t a b i l i t y a n d c o m p a t i ­
b i l i t y o f (37). T h e n f o r e v e r y £ >0 t h e r e e x i s t s a S = £(£) 
s u c h t h a t 
| u ( x , t , h ) - T ( x , t ) | ± £ 
f o r ( x , t ) i n R n a n d f o r a l l 0 < h £ & . 
T h e p r o o f o f T h e o r e m 6 i s g i v e n b y F r i t z J o h n [10], 
a n d i s o m i t t e d h e r e . 
I t i s o f i n t e r e s t t o n o t e t h a t ( p r o v i d e d a s u f f i c i e n t 
n u m b e r o f b o u n d e d d e r i v a t i v e s o f t h e 0 p , u Q ( x ) , d ( x , t ) 
e x i s t ) t h e e x i s t e n c e o f a s o l u t i o n o f (3) a n d (4) c a n b e 
p r o v e d b y u s i n g a s u b s e q u e n c e o f s o l u t i o n s u ( x , t , h ) c o r r e ­
s p o n d i n g t o d i f f e r e n t v a l u e s o f h t e n d i n g t o z e r o . S u c h 
m e t h o d s w e r e i n t r o d u c e d b y O o u r a n t , F r i e d r i c k s , a n d L e w y [11], 
a n d t h e n e x t t h e o r e m i s a s p e c i a l c a s e o f o n e p r o v e d b y F r i t z 
J o h n [12] u s i n g t h i s t e c h n i q u e . 
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T h e o r e m £ • E q u a t i o n s ( 3 ) a n d (4) h a v e a s o l u t i o n 
T ( x , t ) o f c l a s s 0^ w i t h respect t o x i f a ( x , t ) , T Q ( X ) , 
d(x , t ) are of c lass 0 with respect to x , a ( x , t ) i s posi t ive 
A . A A , A ^ a ( x . t ) G)d(x.t) and bounded away from zero and ^ , ^ ~ are 
continuous. 
The introduotion of the ooncept of "generalized" 
solutions allows the relaxing of the conditions of Theorem 7 
to a large extent. An extensive treatment i s to be found in 
section s i x of the paper by F r i t z John [13]* For the purposes 
of th is study Theorem 4 and Theorem 5 w i l l suf f ice and these 
further considerations are mentioned only for the benefit of 
the reader interested i n more general problems. 
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C H A P T E R I I I 
T H E N U M E R I C A L S O L U T I O N O F T H E S Y S T E M 
T h e n u m e r i c a l s o l u t i o n o f t h e p o w e r e q u a t i o n . — T h e c o n ­
s i d e r a t i o n s t h u s f a r h a v e p e r t a i n e d o n l y t o t h e s o l u t i o n o f 
t h e d i f f u s i o n t y p e e q u a t i o n i n s y s t e m (1 ) . T h e c o n c e r n o f 
t h i s e e o t i o n w i l l b e t h e s o l u t i o n o f t h e f i r s t e q u a t i o n o f 
t h a t s y s t e m , n a m e l y 
- *bo 
I n t e g r a t i n g b o t h s i d e s o f t h i s e q u a t i o n w i t h r e s p e c t t o 
f r o m 0 t o t g i v e s , 
T h u s t h e p r o b l e m h e r e i s s i m p l y t h a t o f p e r f o r m i n g a d o u b l e 
i n t e g r a t i o n n u m e r i c a l l y . M e t h o d s o f n u m e r i c a l i n t e g r a t i o n 
a r e i n w i d e u s e , a n d t h e o n l y c o n c e r n o f t h i s s e c t i o n w i l l 
b e a s y s t e m a t i c d e v e l o p m e n t o f t h e t r u n c a t i o n e r r o r t e r m s 
f o r t h e m e t h o d s o f d o u b l e I n t e g r a t i o n w h i c h w i l l b e u s e d . 
T h e r e a d e r i s a s s u m e d t o b e f a m i l i a r w i t h t h e m e t h o d s o f 
n u m e r i c a l i n t e g r a t i o n f o r s i n g l e i n t e g r a l s a n d w i t h e r r o r 
i n v e s t i g a t i o n s f o r t h e s e f o r m u l a s . T h e t w o f o r m u l a s w h i c h 
( 4 2 ) 
0 oo 
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w i l l b e u s e d a r e t h e " t r a p e z o i d a l r u l e " a n d " S i m p s o n ' s r u l e " 
f o r m u l a s : 
C f (x) dx = § [ f C x ^ ) + f ( x n ) ] - illl^sL ( 4 4 ) 
where x n - 1 •c s <£. ^  , and 
x n+l 
f(x)dx = | [ f ( x n _ 1 ) f 4 f (x n ) + f ( x Q + 1 ) ] 
x n - l 
w h e r e x n _ ^ ^ s < x n + ^ . I n b o t h f o r m u l a s h i s t h e i n c r e m e n t 
i n X o A s e x t e n s i o n s o f t h o s e f o r m u l a s t o i n t e g r a t i o n o v e r 
i n t e r v a l s w h i c h a r e m u l t i p l e s o f h i n l e n g t h t h e r e a r e : 
x n n ~ 1 3 
j f ( x ) d x = | [ f ( x ) + f ( x n ) ] + h ZZ f(*p - n f ' ^ S ) h ( 4 6 ) 
x Q 3=1 
w h e r e x Q s ^ x n , a n d 
n 
x 2 n 2 
J f(x)dx =- | [ f ( x Q ) - f ( x 2 n ) ] + | H [ 4 f (x 2 d _ 1 )+2 f (x 2 ) ] 
x Q d-l * 
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w h e r e X q £ a X 2 n . 
C o n s i d e r n o w t h e i n t e g r a t i o n o f 
I - j I v ( x , t ) d x d t , ( 4 8 ) I T 
Vi xo 
w h e r e v ( x , t ) i s a s s u m e d t o h e o f c l a s s C . L e t t h e i n t e r v a l 
[ x 0 , X j j ] h e d i v i d e d i n t o N e q u a l s u b i n t e r v a l s o f l e n g t h h , 
a n d l e t 1 ^ - t j ^ « k > 0 . I n t e g r a t i n g f i r s t w i t h r e s p e c t t o 
x b y m e a n s o f ( 4 6 ) g i v e s : 
I = Jm h j j 5 v ( x Q t ) + v ( x 1 t ) + . . . + | v ( x N t ) ~ l d t Vl 
t 
_ f ^ ^ dsl
 d t f ( 4 9 ) Vl 
w h e r e x Q ^ . s x ^ . I n t e g r a t i n g n o w w i t h r e s p e c t t o t b y 
m e a n s o f ( 4 4 ) g i v e s : 
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WHERE: 
FOR D - M-L, MJ 
*M-L * ZD ^ *M F O R D - 0, H + 1 ; 
XO * 8 * ' 
THE TRUNCATION ERROR TERMS MAY BE PUT IN MORE CONCISE FORM 
BY APPLYING THE INTERMEDIATE VALUE THEOREM: 
T DK , R . R % JTHK3 ^ 2 Y ( S L ' Z L ) NH3K ^ V ( S 2 » Z 2 ) 1
 " T ( *M-L + V " " I S - 15" 
+
 ^
P P R
 ^T*y ( 5 1 ) 
WHERE XQ <: SJ < FOR J - 1 , 2, 3, AND WHERE T M - 1 < ZJ < TM 
FOR J - 1 , 2, 3» SIMILAR METHODS MAY BE APPLIED USING THE 
SIMPSON'S RULE FORMULAS (45) AND (47)• CONSIDER 
<M+L ^X2N 
V(X,T)DX DT , (52) • r i 0 
Q 
WHERE V(X,T) IS ASSUMED TO BE OF CLASS C , AND LET [ XQ»X2N 3 
BE DIVIDED INTO 2N SUBINTERVALS OF EQUAL LENGTH H; LET 
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^ ^m-l'^m+l ^ ^ e < i i v i d e < 3 - i n ^° intervals of length k 0 
Integrating f i r s t with respect to x by means of (47) gives: 
I * / | ( v (x Q , t ) + 4v(x 1 $ t ) + . . . . + v(x 2 n , t )^) dt 
Vi 
I C
 dt , (53) 
'm-l 
where X Q < s < x 2 n • Integrating with respect to t by means 
of (45) then yields: 
Hl£5 
575 
90 2 d t 4 d x * 
where 
Z, - V C X Q ^ J )
 + ^vCx^tj ) * 2 v ( x 2 > t d ) + . . . • ^ ( x ^ . ^ t ; . , ) 
+ v ( x 2 n t j ) for j - m-l| m, m + 1 
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B y m e a n s o f t h e i n t e r m e d i a t e v a l u e t h e o r e m 
-57— + 4 t t * ~X7—6 ^ •(55) 
for some a^i *m-l < z l *m+l* a l s o 
g 0 . g 0 )
 + ^
v (
*2n. z 2n>
 w ^ V s * , z M 7 fiT7 
for some e* ,z* : xQ < s* < x2n; z Q < z* < z 2 n . Then 
a gNffi^ , ^ ffi^ ...... 2^ Y ( 3 C|n - | , Z 2n- 2 ) 
o r d r 
for some x Q < s <- x 2 n , ^m^i < z < * m + 1 ° Using these 
expressions in (54) gives 
t it* + 15s" *t*X* ( 5 7 ) 
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w h e r e x Q < . s ^ < x 2 n f o r j = 1 , 2, 3 ^and w h e r e t m - 1 < 
< t m + 1 f o r J = 1 , 2, 3. 
E i t h e r f o r m u l a (51) o r (57) m a y b e a p p l i e d t o t h e 
e q u a t i o n (43), a n d o f c o u r s e i t i s p o s s i b l e t o d e v e l o p 
f o r m u l a s o f h i g h e r o r d e r . H o w e v e r , i n t h i s r e s p e c t i t s h o u l d 
b e m e n t i o n e d t h a t h i g h e r o r d e r m e t h o d s i n t h e t - d i r e c t i o n 
r e q u i r e , o f c o u r s e , m o r e " p r o f i l e s " o f t h e t e m p e r a t u r e 
f u n c t i o n , T ( x , t ) ; f o r e x a m p l e u s i n g t h e " t r a p e z o i d a l r u l e " 
f o r i n t e g r a t i o n w i t h r e s p e c t t o t o n l y T ( x , t . ) a n d T ( x , t . , ) 
a r e n e e d e d ; f o r " S i m p s o n ' s r u l e " T ( x , t . - , ) , T ( x , t . ) » a n d 
^ ( x , t . . - i ) a r e n e e d e d ; f o r a h i g h e r o r d e r p r o c e s s s u c h a s 
tJ+-L 
" W e d d l e ' s r u l e " s e v e n t e m p e r a t u r e p r o f i l e s w o u l d b e r e q u i r e d . 
I n s u c h a ( h i g h e r o r d e r ) p r o c e d u r e t h e s p e c i a l s t a r t i n g 
t e c h n i q u e s r e q u i r e d m i g h t w e l l p r o v e t o b e m o r e c u m b e r s o m e 
a n d t i m e - c o n s u m i n g t h a n w o u l d b e w o r t h w h i l e . F o r i n t e g r a t i o n 
i n t h e x - d i r e c t i o n t h i s p r o b l e m i s n o t p r e s e n t , a n d h i g h e r 
o r d e r a p p r o x i m a t i o n m a y e a s i l y b e u s e d . O f c o u r s e i t i s 
a l s o p o s s i b l e t o u s e a c o m b i n a t i o n o f t e c h n i q u e s i n a g i v e n 
d o u b l e i n t e g r a l p r o b l e m * F o r e x a m p l e o n e c o u l d u s e t h e 
" t r a p e z o i d a l r u l e " t o e v a l u a t e t h e i n t e g r a l i n t h e x -
d i r e c t i o n a n d " S i m p s o n ' s r u l e " i n t h e t - d i r e c t i o n . 
A n u m e r i c a l p r o c e d u r e f o r s o l v i n g t h e e n t i r e s y s t e m « — T h e 
p r o c e d u r e t o b e u s e d f o r s o l v i n g 
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„ | ^ | , t )
 + n^cl ( p ( t ) _ x ) ( 5 8 ) 
is obtained by taking n • 2 in equation (5) of Chapter I I . 
Thus 
T(x, t + k) = T(x,t ) . k ^ § f ^ * 4 ^ i * , t ? + <59) 
where R^ ( x , t ) is the error term in (5) f o r n • 2. I t w i l l 
be convenient to l e t u ( t ) = In P ( t ) . Assuming T ( x , t ) to 
be of class C^ and d i f fe ren t ia t i ng (58) with respect to t : 
St* t dt i*°> 
Substituting for from (58) gives: 
^ f T J ^ t i _ X 2 fe(x,t> X (eUCt)^) d 2nfx) 
a72 ? a t * P c 1 ; lx^ 
+ &U1 e u(t ) toj^i ^  ( 6 1 ) St 
Then replacing § | and in (59) by means of (58) and (61): 
T ( x , t + k ) - T ( x . t ) . H ^ T i x . t i
 + k V ^ W i l + k n i x l ( ^ ( t ) , ^ 
e
 d x * 2er d x * £ 
. j§ ( |
 ( e u ( t ) _ x ) ^ x l + n ( x ) e u( t ) d u i t i ) + S i ( X j t ) ( 6 2 ) 
3 8 
I F T H E C E N T R A L D I F F E R E N C E A P P R O X I M A T I O N S 
£w> - ^  £v*,t)) , (63) 
^ f ^ - : ^ £ * < x . t ) , (64) 
O X H 
A R E U S E D I N ( 6 2 ) T H E R E R E S U L T S T H E F O L L O W I N G D I F F E R E N C E 
E Q U A T I O N F O R T ( X , T ) : 
T ( X , T + K ) * T ( X , T ) + ^ - ^ < £ 4 T ( X , T ) 
+
 ^  44a?(x't) + S ( X , T ) + R ( X , T ) , ( 6 5 ) 
W H E R E ^ = ^ 5 , R ( X , T ) I S T H E T R U N C A T I O N E R R O R T E R M , A N D 
H 
G ( X , T ) I S T H E N O N - H O M O G E N E O U S P A R T O F ( 6 2 ) — T H A T I S , T H A T 
P A R T O F ( 6 2 ) I N V O L V I N G U ( T ) « I N T E R M S O F V A L U E S O F T ( X , T ) 
( 6 5 ) B E C O M E S 
T ( X , T + K ) » - ( ? ( X - 2 H , T ) • T ( X + 2 H , T ) ^ 
* - 2 ^ 2 ^ ) ( T ( X - H , T ) + T ( X + H , T ) ^ 
+ ( L - Q • 3 A 2) C * ( x , T ) ) + G ( X , T ) 4. R ( X , T ) o ( 6 6 ) 
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I f g ( x , t ) is even with respect to x , i t is clear that 
T ( x , t + k ) as computed by (66) w i l l be an even funct ion of x 
provided T ( x , t ) is an even funct ion of x„ Henceforth i t 
w i l l be assumed: 
T n ( x ) - T n ( - x ) , 
g ( x , t ) - g ( - x , t ) 
oC(x) * o((-x) 
(67) 
Thus T ( x , t ) w i l l be an even funct ion of x f o r a l l t , and 
equation (43) takes the form: 
u ( t ) « u ( t Q ) - 2 y I 
t 0 i> 
C<(x) T ( x , s ) dx ds (68) 
where u ( t ) • ln P ( t ) . Let N m be that pos i t ive integer f o r 
which i t is true that 
oo 
Y~~ Od(x.) T (x , , t m ) 
m 
<C 10 - a (69) 
where a is the number of decimal places to be used in the 
computation. Equation (68) can then be approximated in the 
fo l lowing manner using equation ( 5 1 ) : 
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( 7 5 ) 
• I n o r d e r t o s i m p l i f y t h e n o t a t i o n , f ^ m w i l l b e u s e d 
f o r t h e q u a n t i t y f ( x , , t _ ) . 
where* 
^ - 2 * 0 T0» + <*L*lm + •••• * <*H - l V , i + 2 \ T N M , m > 
m m * m m 
with 1SL determined by (69); and where 
HI 
In a similar fashion (68) can be approximated using the 
equation ( 5 7 ) • 
"m+l " S-1 " I T ( Z m - l * 4 Z » * + " 2 ( x ' t ) ' ( 7 2 ) 
where 
m m 
a n d where 
4 1 
E q u a t i o n ( 6 6 ) i n c o m b i n a t i o n w i t h ( 7 0 ) o r ( 7 2 ) p r o v i d e s 
a m e t h o d f o r s o l v i n g n u m e r i c a l l y t h e s y s t e m : 
- - 2 j C < ( x ) T ( x , t ) d x ( 7 4 ) 
0 
£§fja-| ^(g,t) + fifel
 ( e « ( t ) - i ) f ( 7 5 ) 
w i t h t h e i n i t i a l c o n d i t i o n s : 
u ( 0 ) - u Q , ( 7 6 ) 
T ( x , 0 ) * T Q , ( 7 7 ) 
w h e r e i t i s a s s u m e d t h a t o<.(x) , n ( x ) , T Q ( X ) a r e e v e n 
f u n c t i o n s o f x . I n t h e p a r t i c u l a r c a s e s c o n s i d e r e d f o r 
a c t u a l c o m p u t a t i o n i n t h e n e x t c h a p t e r t h e r e i s n o q u e s t i o n 
a b o u t e x i s t e n c e o f t h e i n t e g r a l i n ( 7 4 ) . O t h e r w i s e a d ­
d i t i o n a l h y p o t h e s i s w o u l d b e n e e d e d . H e r e , t h e n , i s a 
c o m p l e t e a l g o r i t h m ; c a l l i t M e t h o d A : 
( a ) C h o o s e h , t h e i n c r e m e n t i n x , a n d k , t h e i n c r e ­
m e n t i n t , s o a s t o a c h i e v e t h e d e s i r e d a c c u r a c y . 
I n o r d e r t o s t a r t t h e c o m p u t a t i o n i t i s a l s o 
n e c e s s a r y t o c h o o s e a k * s u c h t h a t n k * • k , n a 
p o s i t i v e i n t e g e r g r e a t e r t h a n o n e . 
( b ) U s i n g e q u a t i o n ( 6 6 ) c o m p u t e T ( j h , ( m * + l ) k * ) f o r 
j • 0 , 1 , II , N i s t h a t p o s i t i v e e v e n 
4 2 
i n t e g e r s u c h t h a t 
oo 
- a 
( 7 8 ) 
I n ( 6 6 ) ^ F o r t h e f i r s t s t e p t h e i n i t i a l 
v a l u e s U Q a n d T Q ( X ) a r e u s e d . 
( c ) U s i n g e q u a t i o n ( 7 0 ) c o m p u t e u ( m * + l ) k * ) . F o r 
m * • 0 t h e g i v e n i n i t i a l v a l u e s U Q a n d T Q ( X ) a r e 
u s e d . 
( d ) R e p e a t ( b ) a n d ( c ) u n t i l T ( J h , n k * ) = T ( o h , k ) 
a n d u ( n k * ) * u ( k ) h a v e b e e n c o m p u t e d . 
( e ) U s i n g e q u a t i o n ( 6 6 ) c o m p u t e T ( j h , ( m + l ) k ) a s i n 
t h e v a l u e s u ( k ) a n d T ( j h , k ) a s g i v e n b y s t e p s ( b ) -
( c ) a r e u s e d . 
( f ) U s i n g e q u a t i o n ( 7 2 ) , c o m p u t e u ( ( m + l ) k ) . F o r 
c o m p u t i n g u ( 2 k ) t h e g i v e n i n i t i a l v a l u e s U Q , 
T Q(oh) a s w e l l a s t h e v a l u e s T ( j h , k ) a n d T ( j h , 2 k ) 
a r e u s e d . 
( g ) R e p e a t s t e p s ( e ) a n d ( f ) a s m a n y t i m e s a s d e s i r e d . 
A t e a c h s t e p t h e v a l u e s f o r t • m k r e p l a c e t h o s e 
f o r t - ( m - l ) k , a n d t h o s e f o r t - ( m + l ) k r e p l a c e 
t h o s e f o r t = m k . 
s t e p ( a ) , w h e r e n o w F o r t h e f i r s t s t e p 
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R e m a r k s . 
( i ) T h e t r a p e z o i d a l f o r m u l a (70) m u s t b e u s e d t o 
s t a r t t h e p r o c e d u r e . T h i s i s t r u e s i n c e i n i t i a l l y 
o n l y t w o p r o f i l e s o f T ( x , t ) — n a m e l y T Q ( x ) a n d 
T ( x , k ) — a r e a v a i l a b l e , a n d f o r m u l a (72 ) r e q u i r e s 
t h r e e p r o f i l e s . A c o n v e n i e n t c h o i c e o f k * i s 
k * • ( 0 . 0 1 ) k a n d t h i s p r o v i d e d s u f f i c i e n t a c c u r a c y 
f o r t h e p r o b l e m s s o l v e d i n C h a p t e r I V . 
( i i ) C l e a r l y i t i s n o t n e c e s s a r y t o r e t a i n t h r e e ( o r 
t w o ) c o m p l e t e p r o f i l e s o f T ( x , t ) ; o n l y t h e s u m s 
o f t h e s e v a l u e s a s i n d i c a t e d b y e q u a t i o n ( 7 0 ) o r 
( 7 2 ) n e e d b e s a v e d i n o r d e r t o a d v a n c e t h e 
c a l c u l a t i o n . 
( i i i ) T h e n u m b e r N a s d e t e r m i n e d b y ( 7 8 ) d e p e n d s o f 
c o u r s e o n t h e a c c u r a c y d e s i r e d i n u ( t ) . I t i s 
d e s i r a b l e t o h a v e N f i x e d f o r t h e e n t i r e c a l c u ­
l a t i o n a n d t h i s i s i n d e e d p o s s i b l e i n m a n y 
a p p l i c a t i o n s w h e r e p r o p e r t i e s o f oOCx) a n d T ( x , t ) 
a l l o w a c h o i c e o f N w h i c h w i l l b e a c c e p t a b l e f o r 
a l l v a l u e s o f t . I t i s c l e a r l y n o r e s t r i c t i o n t o 
a s s u m e t h a t N i s e v e n s o t h a t i t w i l l a p p l y t o 
t h e S i m p s o n ' s r u l e f o r m u l a . 
E r r o r a n d s t a b i l i t y a n a l y s i s f o r M e t h o d A . — I n o r d e r t o 
c o m p u t e t h e t r u n c a t i o n e r r o r t e r m R ( x , t ) o f e q u a t i o n ( 6 6 ) 
i t i s c o n v e n i e n t t o p u t t h a t e q u a t i o n i n t h e f o r m : 
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T ( x , t + k ) = T ( x , t ) + ).&x2T(x,t) + - ^ ) ( £ 4 T ( x , t ) 
+ kp ( e u < * > - l ) • ^ - f ( x , t ) • R ( x , t ) (79) 
where f ( x 9 t ) i s t h e non-homogeneous t e rm i n ( 6 2 ) i n v o l v i n g 
d e r i v a t i v e s o f n ( x ) and u ( t ) e I t i s e a s i l y shown t h a t 
(cfo M i l n e - T h o m s o n [ 1 4 ] ) 
d T ( x , t ) = h + is 4^* 1 1 + S^S » ( 8 ° ) 
£ V Y ^ h* y » ( » . t ) «. * 6 ^ 6 j < » 2 . * > d T ( x , t ; = h v A ' + "sr v i. » 
X 
f o r some s 1 and &2 on t h e open i n t e r v a l ( x - 2 h , x+2h)o Thus 
on s u b s t i t u t i o n o f ( 8 0 ) and ( 8 1 ) i n (79) and r e a r r a n g i n g 
t e rms 
T ( x 1 t + k ) - T ( x 1 t ) = X c ) 2 T ( x , t ) n ^ x l C e u ( t ) - 1 ) + H ? ^ ? ( * , t ) 
6m r _ j_ "\ ii \6, 
+ | f ( x , t ) + S ( x , t ) . ( 8 2 ) 
Now b y T a y l o r ' s theorem w i t h r e m a i n d e r , 
T ( x . t + k ) - T ( x . t ) d T ( x . t ) , k yg(x.t) , k 2 d % x , z )
 C 8 5 ) 
k a t 3 "5" <j t3 • W > 
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f o r s o m e z : t < z < t + k « N e x t s u b s t i t u t e f o r ^ — g i n ( 8 5 ) 
b y m e a n s o f ( 6 1 ) : 
T(x,t+*) -T(x,t)
 = + + | f ( x > t ) + ^ ^ ( | , t ) ( 8 4 ) 
f o r s o m e z : t z < t+k . On. s u b s t i t u t i n g ( 8 4 ) i n ( 8 2 ) o n e 
o b t a i n s : 
^ E ( x.t) _ X ^ T ( x . t ) _ s i x l ( .uCt )^)
 =
 ^ T ( x , z ) 
h 4 j ^ ( s x , t ) ^ 1 . ^ ( s 2 , t ) 
+
 3W -57— + sr V? - is J -g^r— + 
( 8 5 ) 
N o w t h e r i g h t hand side o f ( 8 5 ) is zero b y e q u a t i o n ( 5 8 ) a n d 
t h u s ( a p p l y i n g t h e i n t e r m e d i a t e v a l u e t h e o r e m t o t h e s i x t h 
o r d e r d e r i v a t i v e s w i t h r e s p e c t t o x ) : 
f o r s o m e s : x - 2 h < s < x + 2 h , a n d s o m e z : t < z < . t + k „ 
A l t h o u g h ( 8 6 ) i s t h e u s u a l f o r m o f g i v i n g t h e t r u n c a t i o n 
e r r o r w h e r e b y o n e n o r m a l l y s t a t e s t h a t R ( x , t ) i s 0 ( h Z * ' ) , i t 
i s b e t t e r f o r t h e p u r p o s e s o f w h a t i s t o f o l l o w , u s i n g 
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2 m I £ , T O W R I T E : 
O A X 2 ^ C ^ T T )
 K 2 Y J ( X T Z ) H 4 J ^ 6 T ( S 2 , T ) 
T H E A B O V E R E S U L T M A Y B E S T A T E D A S T H E F O L L O W I N G : 
T H E O R E M 8 . I F T ( X , T ) I S O F C L A S S C° I N R T H E N T H E 
T R U N C A T I O N E R R O R R ( X , T ) O F E Q U A T I O N (79) I S G I V E N B Y : 
F O R S O M E S ^ , S 2 A N D Z : T Z < T + K , X - 2 H < S 1 , S 2 - C X + 2 H . 
T H E R E I S A N A D D I T I O N A L E R R O R I N V O L V E D I N C O M P U T A T I O N 
O F T ( X , T ) B Y ( 6 6 ) . T H I S E R R O R I S T H A T D U E T O E R R O R S I N T H E 
V A L U E S U S E D F O R U ( T ) A N D ^ f c f f i I N T H E N O N - H O M O G E N E O U S T E R M S . 
I N V I E W O F T H E R E S U L T S O F C H A P T E R I I T H E E Q U A T I O N ( 6 6 ) W I L L 
B E S T A B L E P R O V I D E D T H E C O E F F I C I E N T S C P S A T I S F Y T H E R E Q U I R E M E N T S 
O F T H E O R E M 4 O R O F T H E O R E M E H E C R U C I A L P O I N T , H O W E V E R , I S 
T H I S : E V E N T H O U G H E R R O R S I N U ( T ) A N D ^ f f i ^ C A N N O T P E R S E 
A F F E C T T H E S T A B I L I T Y O F E Q U A T I O N ( 6 6 ) , T H E Y M A Y C A U S E E R R O R 
B U I L D - U P I N T H E N U M E R I C A L R E S U L T S I N J U S T T H E S A M E F A S H I O N 
A S R O U N D - O F F E R R O R S D O . I N F A C T , I F T H E E R R O R I N C O M P U T I N G 
U ( T ) I S S U C H T H A T O N L Y P D I G I T S O F A C C U R A C Y A R E O B T A I N E D A N D 
T ( X , T ) I S R O U G H L Y O F T H E S A M E O R D E R O F M A G N I T U D E A S T H E 
47 
n o n - h o m o g e n e o u s t e r m s , t h e n o n e i s e f f e c t i v e l y c o m p u t i n g 
T ( x , t ) i n a p - d i g i t c o m p u t i n g d e v i c e . N o m a t t e r h o w s m a l l 
t h e t r u n c a t i o n e r r o r R ( x , t ) i s m a d e n o i n c r e a s e i n a c c u r a c y 
o f T ( x , t ) c a n r e s u l t u n l e s s a c o r r e s p o n d i n g i n c r e a s e i n 
a c c u r a c y o f u ( t ) i s e f f e c t e d . 
T h e s t a b i l i t y o f e q u a t i o n (66) w i l l b e p r o v e d a s t h e 
f o l l o w i n g : 
T h e o r e m °>° g ( x , t ) a n d T g ( t ) a r e b o u n d e d i n 
R : - oo < x < oo , O ^ t ^ t n , a n d i f : 0 < ?< / 3 , t h e n 
e q u a t i o n (66) i s s t a b l e . 
P r o o f : C o n s i d e r t h e c o e f f i c i e n t s c p o f e q u a t i o n (66): 
c
- 2 = ° 2 = " 4 " " h 
c
- l - °1 * ^  " 2 
c Q = 1 + 3 7 ? - 5 A /2 
S i n c e t h e y a r e a l l c o n s t a n t s t h e y a r e c e r t a i n l y u n i f o r m l y 
b o u n d e d i n H . N o w , 
£crOc,t) - 1 + 3 A2 - ^  + 2 - 2 ^ 2 ) + 2 ( - ^ -
r 
» 1 + ( - 5 / 2 + 8 / 3 - ^ - ( 3 - 4 + l ) ^ 2 » l 
V " r c ( x , t ) - 1 2 c _ P - c i * c-i + 2 c P • 0 
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£Jr2c(x,t) « 4c_2 + c_i • ci + ^ c2 = 8c2 + 2cl r 
s 4 ^2 - 2 */3 * 8 /^3 - 4/I2 - 2^  * % X 
' * h^ £ 
Thus the cp satisfy the relations (14). Now, 
c
-2> c2 ^  0 "4" ~ 0 >^ ^  > , or ^  > 1/6 
> 0^> ^-2^2>0^> 2 f^ V3, or 2/3 . 
Cq is positive for all real values of /I . Thus by Theorem 5 
1 "^ 2 
the equation (66) is stable for /6 £ /i /3 . In order to 
show the stability of (66) for ^  in the range 0 < A /^6 
Theorem 4 will be used. For this it is sufficient to show 
that the relation (41) is satisfied, since the other requirements 
of the theorem are clearly satisfied, 
Z irO -2i9 -i© i© 2i9 cpe = c_2 e + c „ i E + Cq + c1e + c2e 
r 
« 2c2 cos 29 + 2C-L cos 9 + cQ * g(9) (88) It is to be shown that there exists some M ^ 0 such that 2 |g(@)| £r e"Me f o r lel fTT • Since g(9) is an even function 
of 9 it will be sufficient to consider the closed interval [ 0,TT]„ Also, g(9) > 0 for 0 £ 9 ±VC 1 for the minmum 
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1 
which is true for ^ ^ • But A < V 6 V l 6 and hence 
g(0) > 0 for 0 £ 9 £-1T <> 5nus i t suffices to prove that 
2 
g(9) < e" M e for 0 < 0 ^ fT and suitable M, 
Now on the interval 0 <£ Q £ fp4 i t i s true that 
2 4 
0 f C O S 9 f 1 - y + ^ , 
value possible for 0 ^ /( < 1 / 6 i s : c Q - 2 ^ - 2 | c 2 | 
which i s positive i f 
c Q £ 2 e x + 2 | e 2 | , 
i o e * i f 
which holds i f , 
i . e o i f 
1 > cos 20 > 1 - ^ o 
and 
H e n c e 
g(0) £ c Q + 2cx (1 - ^ + §^) + 2c2 (1 ~ ^) 
2 . c l J± 
or equivalently 
S(©) i ( c 0 + 2^  + 2c2) - ( c x + 4c Q ) 0* + j | 
or, substituting for c 0 , c-p c 2 , 
g(0) £ 1 ^ 9 2 ^ 9 4 » l - p - ^ e 2 j 6 2 . 
Now 
^ - is °2 - -Ct - -fr)e2^V + ^ " Mi 
for 0 £ 0 £ o Hence 
g(0) £ 1 - M^2 ± e ~ M l 9 for 0 £ 0 £ ^4 • (89) 
Now g*(0) « -2C2 sin © - 4c 2 sin 20, and g'(9) wil l b e less 
than zero on (0, TT) provided 
2o^ sin 0 y 4 | c 2 | sin 20 , 
1o e o i f 
• > 2 cos 0 
2 | c 2 
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B u t i — ) 2 a s m a y e a s i l y "be s e e n "by c o m p a r i s o n o f t h e 
2 | c 2 | 
e x p r e s s i o n f o r c^, a n d | | • T h u s g ( 9 ) i s m o n o t o n i c 
d e c r e a s i n g o n |f 0 ± Tf ° C h o o s e M 2 s u c h t h a t 
M 2 
e~
n2 = g(1V4) , a n d l e t M » m i n ( M l f M 2 ) . T h e n 
2 
g ( 0 ) £ e " M G f o r O f 9 f If , 
T h u s e q u a t i o n ( 6 6 ) i s s t a b l e f o r 0 ?* < ^ / 6 b y 
T h e o r e m 4 , a n d t h u s t h e t o t a l r a n g e o f A f o r w h i c h ( 6 6 ) 
i s s t a b l e 1st 0 < A 6 2 / 3 ° 
T h e t r u n c a t i o n e r r o r i n c o m p u t i n g u ( t ) d u e t o t h e 
S i m p s o n ' s r u l e a p p r o x i m a t i o n i s g i v e n b y (73); t h a t d u e t o 
t h e v a l u e s o f T ( x , t ) i s g i v e n b y (87). T h e t o t a l t r u n c a t i o n 
e r r o r , ToEo, c o m m i t t e d i n t h e e v a l u a t i o n o f (72) i s g i v e n b y : 
ToEo = ^  tRC°^"fcm-l) * ^ k ^ m - l ) * 2 R ( 2 h > V - i ) + • • • • 
.o.o + R(]SThft 2 ) J + 4 [ R ( 0 , t m ) + 4 R ( h 9 t m ) + . . . . 
oooo + R ( N h , t m ) ] + [ R ( 0 , t m + 1 ) + oooo 
oooo + R ( N h , t m ) ] + E 2 ( x , t ) , ( 9 0 ) 
w h e r e E 2 ( x , t ) i s g i v e n b y (73) a n d R ( x , t ) i s g i v e n b y (87). 
N o w f r o m e q u a t i o n (87), 
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(91) 
for (x,t ) in the region S: 
0 * x * Nh 
t m-l £ * £ tm+l 1 
and where 
» 1 . u. b 
S 
M2 • l * U o b 
S 
« lo u. b 
X 2 Sf t r (x . t ) 
- 5 12£ 
i ^ r ( x . t ) 
Prom ( 7 3 ) , 
E • 2 ( x , t ) | < ^ ( k \ * * \ ) • % (92) 
for (x, t ) in S, and where: 
- 1 . u. b 
S 
Mc - 1 . U o b 
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Mg • 1. u. b 
S 
Thus, 
|T .B. | * [ 3N(a2kM1 + k2M2 + k^M5) + 12N(h2kM1 + k2M2 
• kftlj) + 3N(h2kMx + k2M2 + k 4*^) ] 
+ (k^^ + k ^ j ) + 2^'"|"' , 
90 
or equivalently, 
|T.».| 4Nhk5M2 + 4Nh3k2Mx + 4h5kN ^ M3 + ^ ^ 
• 2^t£ Mif + M6 . (93) 
In (93) note that the terms of lowest order in h and k— 
that i s , the terms of greatest magnitude—are those terms 
arising from the truncation errors in T (x , t ) . Moreover, 
note that in the f i r s t term k appears to the third power 
while h appears linearly; thus one would expect adjustment 
of the time step to affect more readily the accuracy of the 
resultst 
I t has already been noted that errors in u(t) cause 
errors in T(x,t) in addition to the truncation errors of the 
equation (66). At the next step of the computation these 
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additional errors in T(x,t) enter the computation of u( t ) . 
Thus while there i s no concern over stabil i ty—in the sense 
given in the introduction—when performing a normal numeri­
cal integration, the integration here i s a stage-wise 
process in which errors committed at one step reenter at 
the following step. That i s , normally one assumes that a l l 
the values to be used in the integrand are known beforehand; 
here the values to be used must be computed step^-by-step. 
Thus i f the computation of the values of the integrand is 
an unstable process then the numerical integration i s i tse l f 
"unstable." 
Such is not the case here, since the procedure to be 
used in calculating T(x,t) has been shown to be stable. 
The interaction of errors in the computational procedure, 
however, i s of considerable interest in obtaining accurate 
results and wil l be considered more explicit ly for the 
special case to be given in Chapter IV. 
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C H A P T E R I V 
N U M E R I C A L E X A M P L E S 
A s p e c i a l c a s e o f t h e g e n e r a l s y s t e m s . — U n d e r t h e a s s u m p t i o n s 
t h a t X - 0 a n d o C i s a c o n s t a n t t h e s y s t e m (1) b e c o m e s : 
flffi*) . - oC T(x,t)dx (94) 
- 00 
£ J l x ^ t i . n ( x ) ( p ( t ) . ! ) ( 9 5 ) 
w h e r e T ( x , 0 ) * T Q ( x ) a n d P (0 ) = P Q a r e t h e g i v e n i n i t i a l 
d a t a . F o r P ( t ) a n d T ( x , t ) a s g i v e n b y (94) a n d (95) t h e r e 
i s t h e f o l l o w i n g 
T h e o r e m 10. I f < K a n d 6 . a r e p o s i t i v e c o n s t a n t s a n d 
n ( x ) > 0 t h e n t h e s y s t e m c o n s i s t i n g o f (94) a n d (95) p o s s e s s e s 
s o l u t i o n s P ( t ) a n d T ( x , t ) w h i c h a r e B$$&0dle w i t h r e s p a f c t t o t. 
P r o o f : L e t 
oo 
g ( t ) - f T ( x , t ) d x ; (96) 
t h e n 
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or 
oo 
a §
^
1 =
 "
 x > / n(x)dx o (97) 
- 00 
f 
Now I n(x)dx « 1 since n(x) represents the fraction of 
- oo 
the power extracted at x. Thus, 
£ d g ^ 2 „ p ( t ) _ 1 ( 9 8 ) 
and the original system is replaced by: 
- P(t) - 1 
This system is of the same form as the one given by Brgen, 
Lipkin and Nohel [153 which describes the dynamics of a 
reactor with constant power extraction. Hence by Theorem 1 
of that paper P(t) and g(t) are periodic in t i f oC , £ , 
n > 0 ; in fact, as shown in [ 1 5 ] • 
P(t) - lnP(t) + ^g^- g 2 ( t ) « constant. (99) 
Now P(t) and g(t) periodic in t implies that T(x,t) i s 
periodic in to This i s what was to be showno 
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I n v i e w o f t h e r e m a r k s o n d y n a m i c s t a b i l i t y g i v e n i n 
t h e i n t r o d u c t i o n , t h i s s p e c i a l c a s e , t h e n , p r o v i d e s a s i m p l e 
e x a m p l e o f a d y n a m i c a l l y s t a b l e r e a c t o r w h i c h m a y b e u s e d 
t o c h e c k t h e n u m e r i c a l p r o c e d u r e o u t l i n e d i n C h a p t e r I I I . 
I n p a r t i c u l a r , i t w i l l b e m o s t u s e f u l f o r s t u d y i n g t h e 
i n t e r a c t i o n o f e r r o r s b e t w e e n e q u a t i o n s ( 6 6 ) a n d ( 7 2 ) . 
A n u m e r i c a l e x a m p l e f o r t h e s p e c i a l c a s e . — C o n s i d e r t h e c a s e 
w h e n : 
o ( ( x ) = 1 \x\ £ 50 
© t ( x ) - 0 \x\ > 50 
n ( x ) * 0 . 0 1 | x | ^ 50 
n ( x ) = 0 | x | > 50 
£ = V25 ( 1 0 0 ) 
X - 0 
T Q ( x ) = 0 
l n P ( O ) = u Q = 0 . 5 
E q u a t i o n s ( 9 4 ) a n d ( 9 5 ) n o w t a k e t h e f o r m s : 
» - 1 0 0 T ( t ) , ( 1 0 1 ) 
58 
and 
^ d_^t l _
 ( 0 < 0 1 ) ( e u ( t ) _ x ) ^ ( 1 Q 2 ) 
where u(t) • lnP(t)o Note that since n(x) and T Q ( X ) were 
assumed to be constants on the interval: - 50 £ x £ - 5 0 , 
T(x,t) i s now a function of t alone on this interval. The 
assumptions n(x) = 0 , Jxj > 50 and T Q (x) 5 0 determines 
that T i s identically zero for \x\ > 5 0 . 
Prom ( 1 0 1 ) i t i s clear that u(t) has a relative 
extremum when T(t) i s zero, and likewise, from ( 1 0 2 ) , that 
T(t) has a relative extremum when u(t) i s zero0 Thus, by 
choosing T ( 0 ) - 0 , U Q i s the maximum value of u( t ) . The 
functions u(t) and T(t) satisfy the relation 
e u - u + ( 2 0 0 ) T 2 = (e U ° - uQ) ^ 1 . 1 4 8 7 ( 1 0 3 ) 
as may easily be seen from equation (99) where the constant 
i s evaluated from the given in i t i a l conditions: 
T « 0 o 
U Q • 0 , 5 
The relation ( 1 0 3 ) provides a simple check on the numerical 
results which wil l be obtained. 
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The numerical 
is a special case of Chapter IX now takes 
procedure for solving 
(66) and ( 7 2 ) . For n 
the form: 
(101) and (102) 
• 5 equation 5 of 
f(t+k) - T(t) • k
 + £ dfsjti + k* d%ti 
dt dt 
(104) 
dt* 
for some zi t ^  z <: t + k. The derivatives of T(t) may 
be obtained from equation (102) by successive differentiation. 
Thus, 
fl2Bjti - (0.25).U(T) ^ , 
dt 
ship . «>.»).»<«) (_ ^ . i!j ) , 
Ap i • <0.»>.«<" ( . , g ft * $) . 
The dorivatiTts of u(t) la thta* txprtisioat art obtained 
from tquation (101). Substiution for thtst yields 
- (0.25)»u(t)*(t) , 
dtz 
fl^Si . (0.25)tu(t) [ 10V(t) - 25<au<*>-l) ] , dt5 
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<^TW « (2500) T ( t ) e u ( t ) [ -10T 2(t) + ( e u ( t ) - . 7 5 ) ] . dt^ " 
Thus, 
T(t+k) » T(t) + (0.25) k ( e u ( t ) - l ) - 25£_ e u ( t ) T ( t ) 
2 
+ 2^k£ e u(t ) r ( 1 0 2 T 2 ( t ) _ ( O o 2 5 ) ( e u ( t ) - 1 ) ] , (105) 
6 
where the truncation error is 0 (k^)o Now from (101), 
u(t+k) - u(t-k) - 100 J T(t)dt , t+k 
t-k 
and using Simpson's rule: 
u(t+k) = u(t-k) - [ T(t-k) + 4T(t) + T(t+k) ] , (106) 
k^ d^"T(z} 
where the truncation error i s j^q ^ < for some z: 
t-k z <. t+ko 
In order to start the calculation i t is necessary to 
use trapezoidal integration in the power equation. In i t i a l l y , 
then, the following equation wil l be used. 
u(t+k) = u(t) - 50k [ T(t) + T(t+k) ] , (107) 
v5 d^tTz} 
where the truncation error is — , t * z < t+k. 
± e i
 dt^ 
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In order to simplify the analysis of error growth in 
the computation, the equations 
»m+l = um-l " H?* C Vl * + Vl 3 (108) 
Vl s Tm + O^ SkCe** -1) (109) 
wil l he consideredo Equation (108) i s the same as (106), 
hut (109) i s obtained from (105) by taking only two terms 
on the right-hand side of that equation. Similar, but of 
course, much more laborious analysis, may be applied in 
case higher order terms of (105) are taken. The idea here 
is to simply get an insight into the interaction of errors 
in the system„ 
Let v m be an approximate value of u m as given by (108). 
L e t w f f l b e a n a p p r o x i m a t e v a l u e o f T f f l a s g i v e n b y (109). T h e n 
v_ = u + B , (110) m m m 
w = T + R , (111) m m m ' 
where E and R are the error terms. Substitution of (110) m m 
in (108) and (111) in (109) yields: 
»m+l + Vl = % + Em " ^  C <Vl + Vl> 
+ * (Tm + V * <Vl + Vl> ] ( 1 1 2 ) 
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Tm+1 + Rm+1 - Tm + Rm + ° ° 2 5 k ( e ^ 
By subtracting (108) from (112) and (109) from ( 1 1 3 ) i t i s 
easily seen that: 
and 
u E 
R m + 1 = Rm + O o 2 5 k e m (e m - 1 ) . ( 1 1 5 ) 
Note that while equation (114) i s the same as (108), the 
same i s not true of ( 1 1 5 ) and (109); this is due to the 
non-linear property of ( 1 0 9 ) * 
Now let: 
IU = IU = R 0 - R > 0 
•rf 100k
 w E Q = - -*jr- R 
Then from (114) 
Now 
u 2 - Z o o * a 
H, - H + 0 . 2 5 k • ( e 3 - 1 ) 
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Since R > 0 this is equivalent to: 
Rj - R - 0.25k e ( 1 - e 5 ) ; 
. Z f k . B 
where 1 - e ^ i s greater than zero but less than one 
Hence R^  wil l be less than R but greater than or equal to 
zero i f and only i f 
U p — '^^ r ^  R 
0,25k e * (1 - e y ) <£ R , 
or equivalently 
R - Z 0 0 k H 
^ e 5 
u« 
0o25k e e L 
This in turn wil l be true i f 
0.25k e * 
or i f 
R 700k 
R 
0o25k e d 
This condition wil l be met i f 
6 4 
2 3 k^ ^ 
u 2 
( 7 ) ( 2 5 ) e 
Knowing bounds on u ( t ) would then a l l o w s e l e c t i o n of a k 
s u f f i c i e n t t o i n s u r e t h a t 0 £ R^ <£ R. Suppose t h i s has 
been done and R^ = a 2 R where 0 £ a 2 1 , Then 
Thus 
B _ 500k _ iopk ( R + 4 R + R) 
0 >
 B_ > - ilOOk R 
Let = R and = ~ H Q Q k ; then 
R 4 = R - 0 ,25k e ^ (e * -1) 
In t h e same f a s h i o n as b e f o r e i t can be shown t h a t 0 £ R^ . 
R i f 
k 2 ± — o ( 1 1 6 ) 
( l l ) ( 2 5 ) e 3 
Thus a t each s t e p the c o n d i t i o n on k s u f f i c i e n t t h a t 
0 £ R m ^ R becomes more s t r i n g e n t . N o t e , however, t h a t 
i t was assumed t h a t R 2 = R i n order t o o b t a i n ( 1 1 6 ) , and 
n o t h i n g i s c l a i m e d about ( 1 1 6 ) b e i n g the "best" s u f f i c i e n t 
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c o n d i t i o n Let i t be assumed t h a t R n = R n = . . . . R = R 
0 1 m 
thence t h a t E m = - ( ? m + l ) 1 0 0 R as would be s u g g e s t e d by the 
p r e c e d i n g a n a l y s i s . Then 0 £ ^m+1 ^ R i f 
k 2 -
( 3 M + l ) 2 5 E U M 
This wi l l certainly be true i f 
1 
k 2 ^ 
(m+l )25E U M 
Since t m + ^ = (m+l)k, this condition can be written 
k £ — - ( 1 1 7 ) 
2 5 W * * 
Let u* be the minimum of u ( t ) . Then a s u f f i c i e n t c o n d i t i o n 
f o r R. t o be l e s s than R i n magnitude over t h e whole range: 
J 
0 -£ t ^ t j j i s t h a t 
k ^ — — (118) 
2 5 T W e u * 
E n t i r e l y s i m i l a r arguments app ly i f i t i s assumed t h a t R i s 
l e s s than z e r o . 
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Note also that the total error in u m + 1 due to errors 
in T(x,t) i s given by 
E m + 1 = B 0 " ^ C R 0 + + 2 H 2 + • • • • + 4 R m + V l ] 
In fact i f B Q « 0 then 
B m + 1 j ± (100k) mR , (119) 
where R * max | R J 
0 j £ m+1 
Table 1 gives the numerical results obtained by 
solving (101) and (102) with T Q » 0 and u Q =» 0*5 • The 
computation was carried out, using k = 10~3 and k* « 10"^ <> 
Equation (107) was used for starting the computation of u(t) 
After U(OPOOI) had been calculated equation ( 1 0 6 ) was used 
for the remainder of the calculation• Originally four terms 
of (105) were used» Equation (99) was used to check the 
results and this check is given in column three of Table L 
When only two terms of (105) were used, significant error 
build-up began to occur and in fact the solutions showed a 
tendency towards ant1damped oscil lation. These results and 
the corresponding results from equation (99) are given in 
columns four, five and six of Table L 
67 
A similar calculation was carried out using U Q = 
0o0005 • One would at f i r s t think perhaps that no s i g n i f i ­
cant information could be gained thereby. However, this 
case points out a common p i t fa l l of numerical calculations-
the "close subtraction." In the computation e u ^ ^ i s 
calculated for use in (105) and then (e u - l ) i s computed by 
subtracting one from eUo Even though "floating point" 
calculations are used, the resulting number can have no 
more than four significant digits i f e u was computed as an 
eight digit number0 No matter how small one makes the 
truncation errors, no more than a four significant digit 
result may be obtained. The calculation also shows that 
errors introduced (by the "close subtractions") do not 
build-up. The calculations were performed exactly as in 
the f i r s t example. The results are shown in Table 2. Note 
again that when only two terms of the right-hand side of 
(105) were retained, significant truncation error build-up 
occurs. The results are shown to four figures. 
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Table 10 Solution of the Special Case Equations 
with TQ « 0 u Q = 0.5 
Four Terms Two Terms 
t u(t) T(t) e u - u + 2 0 0 T 2 u(t) T(t) e u - u + 2 0 0 T 2 
OoOOO 0.30000 0.000000 1.148721 0,50000 0,000000 1.14872 
0.100 o,42161 0.015152 1.148721 0.42156 0.015167 1.14878 
0.200 0,21552 0,024873 1.148721 0.21517 0.024917 1.14908 
0.281 0.00106 0.027269 1.148721 Oo00027 0.027331 1.14940 
0.400 -O.30618 0.023053 1.148721 -0.30776 0,023119 1,14974 
0.500 
-0,49755 0.014689 1.148721 -0.49972 0.014739 1.14987 
0.636 -0.59980 0.000015 1,148721 -0.60241 0.000026 1,14990 
o,8oo 
-0 .1*5312 -0.017315 1.148721 -0.45536 -Oo017374 1.14995 
0.991 0.00035 -0.027269 1.148721 0.00017 -0.027423 1.15040 
1.100 0.28193 -0.022909 1.148721 0.28357 -0.023080 I.15083 
1.272 0.50000 -0.000042 1.148721 0.50363 -0.000063 1.15109 
1.400 0,37475 0.018553 1.148721 0.37738 0.018727 1.15122 
1.554 -0.00097 0.027269 1.148721 -0.00207 0,027548 1.15178 
1.800 -0,53446 0.011890 1.148721 -0.54130 0.012038 1.15227 
1.908 
-0.???80. 0.000044 1.148721 -O.60767 0,000084 1.15229 
2.100 -Q.40168 
-0.019729 1.148721 -0.40820 -0,019916 1,15237 
2.263 
-0,00035 -0,027269 1.148721 -0.00224 -0.027640 1.15279 
2.400 0.34209 -Oo020362 1.148721 0.34563 -0,020745 1.15332 
2.5^5 0.50000 0.000079 1.148721 0.50730 -0.000003 1.15350 
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T a b l e 2 . S o l u t i o n o f t h e S p e c i a l C a s e E q u a t i o n s 
w i t h T Q =
 0
 * 0 « 0 . 0 0 0 5 
Four Terras Three Terms Two Terms 
t u ( t ) l 0 3 T C O l O ^ u ( t ) 1 0 3 T(t)lCT u ( t ) 1 0 3 
4 
T(t)lO 
0.000 0.5000 0.0000 0.5000 0.0000 0.5000 0.0000 
0 . 1 5 7 0 . 3 5 3 7 0 . 1 7 6 7 0 . 3 5 3 7 0 . 1 7 6 7 0 .3536 0 . 1 7 6 9 
0 . 3 1 4 0.0003 0.2500 0.0003 0.2500 -0.0003 0 .2505 
0 . 4 7 1 - 0 . 3 5 3 2 O . 1 7 7 0 - 0 . 3 5 3 2 0 . 1 7 7 0 - 0 . 3 5 4 7 0 . 1 7 7 5 
0.628 - 0 . 5 0 0 1 0.0004 - 0 . 5 0 0 1 0.0004 - 0 . 5 0 2 1 0.0004 
0 . 7 8 5 - 0 . 3 5 4 4 - 0 . 1 7 6 4 - 0 . 3 5 4 4 - 0 . 1 7 6 4 
0 .943 0 .0012 -0 .2500 0 .0012 -0 .2500 
1 . 1 0 0 0 . 3 5 4 3 - 0.1764 0 . 3 5 4 3 - 0.1764 
1 . 2 5 7 0.5000 0.0004 0.5000 o.ooo4 
1.414 0 . 3 5 3 0 0 . 1 7 7 1 0 . 3 5 3 0 0 . 1 7 7 1 
1 . 5 7 1 -0.0006 0.2500 -0.0006 0.2500 
1 . 7 2 8 - 0 . 3 5 3 8 0 . 1 7 6 7 
I . 8 8 5 - 0 . 5 0 0 1 0.0000 
2.042 - 0 . 3 5 3 7 - 0 . 1 7 6 7 
2 . 1 9 9 - 0.0004 -0 .2500 
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A numerical example for the general case»—The following 
example is considered in this section: 
G^x) » 1 , |x| ^ 50 
0C(x) « 0 , |x | > 50 
n(x) = OoOl , |x| ^ 50 
n(x) - 0 , |x| > 50 
X » V5000 
£ « V 2 5 (120) 
T Q (x) = 0 
U q » 0o5 
k = 0o0009 
k* « Oo00009 
h = Ool 
For this example equation ( 6 6 ) takes the form: 
T(x,t+k) = ( - ^ - £ 5 ) [ T(x-2h,t) + T(x+2h,t) J 
+ [ T(x-h,t) + T(x+h,t) ] [ ^ - 2 / 1 2 ] 
• (1 - * 3 ^ )
 T ( x > t ) ^ d ( x ? t ) ^ ( 1 2 1 ) 
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g(t) 
- £ ^ -xy ^ dt 
d(x,t) (122) 
0 x | > 50 
The limits of the integral with respect to x in the power 
equation are plus and minus f i f ty . Thus the limit of 
summation, N, in the x direction which was discussed in 
Chapter I I I can he fixed for the entire calculation. Here 
The integration of the diffusion type equation was carried 
twenty increments in h beyond N; that i s , i t was carried 
as far as 
For the example used this was in effect the "infinite" 
interval; T(52 , t) was identically zero for the number of 
time steps computed. 
The calculations shown for the general case were 
carried out in fixed-point arithmetic to eight decimal 
places on the I B M Type 650 calculator. The computations 
were at a rate of approximately five hundred and f i f ty mesh 
points per minute, but because of the smallness of k some 
twenty-five hours were required to compute the values shown 
in Table 3 which follows. The seemingly odd choice of k, 
namely k - 0.0009, was made in order to minimize round-off 
(123) 
N* = 520 (124) 
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errors in the calculations involving , - j - , and 
similar terms. 
In Table 3 are shown sample values for u( t ) , T(0,t) 
and T(50,t) . The points of relative extreme are underlined. 
The values shown in this table verify that damping i s taking 
place, and thus that the reactor is dynamically stable. 
This i l lustrates the theorem of Ergen and Nohel [16] that 
the reactor i s stable i f oC(x) and n(x) } 0 , and £ and 
X )> O o In Table 4 i s a comparison of u(t) and T(0,t) for 
X = with u(t) and T(t) for X = 0. Although the 
comparison is made somewhat di f f icult by the different 
values of k used in the two calculations, Table 4 does 
point up the damping which is taking place in the X • 0 
case. 
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Table 5° Numerical Results for the General 
Case Equations (66) and ( 7 2 ) 
t n(t) T(0,t) T(50,t) 
OoOOOO 0 o 5 0 0 0 0 0.000000 0.000006 
0ol404 0.35038 0*019937 0.019088 
0o2637 0.04818 0o027161 0.024803 
0o28l7 -0.00084 0.027269 0.024690 
0o4230 -0.35734 0.021429 0.017512 
O06363 -0.59972 -Oo000016 -0 . 003835 
008^96 
-Oo35657 -0.021449 -0.022758 
009675 -Oo06355 -0.027080 -0.026548 
Oo9909 Oo00010 -O.O27262 -0.026379 
1 . 1 3 1 3 0 . 3 4 9 2 1 -0 .019989 -0.017484 
lo2726 Oo49989 Oo000057 Oo002711 
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T a b l e 4» A C o m p a r i s o n T a b l e f o r t h e 
X - 0 , X - 1 / 5 0 0 0 R e s u l t s 
X = 0 
u(t) 
X = V 5 0 0 0 
u(t) 
X = 0 
T(t) 
X = /50000 
T(0,t) 
OoOOOO 
0ol440 
0o28l0 
0o28l7 
0o2820 
0o4230 
O0636O 
0 06363 
006370 
008190 
Oo9900 
0*9909 
Oo9910 
lol340 
1 0 2 7 2 0 
1o2726 
lo2730 
0o50000 
0o34313 
Oo00106 
-Oo00167 
-0o33737 
-0o59980 
-0o59980 
-Oo41861 
-Oo00237 
Oo00035 
Oo35463 
0050000 
Oo50000 
Oo50000 
Oo34313 
-Oo00084 
-0o35734 
-0o59972 
-Oo41853 
Oo00010 
Oo35457 
Oo49989 
Oo000000 
Oo020310 
0 O 0 2 7 2 6 9 
0o027269 
Oo021429 
Oo000015 
-OoOOOO98 
-Oo018994 
-0o027269 
-Oo027269 
-0o019710 
-0o000042 
0o000120 
OoOOOOOO 
0o020310 
0 o 2 7 2 6 9 
Oo021429 
-Oo000016 
-O0OI8989 
-Oo027262 
-Oo019608 
Oo002711 
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CHAPTER V 
CONCLUSIONS 
I t has been demonstrated that there is a stable 
explicit method for solving numerically the system ( 1 ) , and 
i t has been mentioned that one advantage in this procedure 
over an implicit one—particularly for digital computers of 
moderate storage capacity—is that large order systems of 
linear equations are avoided. However, implicit methods 
are certainly applicable to the problem and where feasible 
might well be employed«. The investigation of such methods 
should provide the interested reader a fruit ful area of 
research., In this respect note that implicit methods offer 
two advantages over explicit methods: one, they have better 
stabil i ty properties, and two, they have higher order 
truncation errors, At the same time i t should be remembered 
that the stabil i ty requirement /\ £ 2 / 3 for the method used 
here i s hardly a restriction for the equations considered, 
since the behavior of the truncation terms dictates that k 
be small relative to h, and since /\ = ~ - 3 » 0o005 /h 
In order to select an efficient method of solution 
for problems of the type presented in this study i t i s of 
particular importance to examine the partial derivatives of 
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T(x,t)o This is of course dif f icult and often information 
can only be obtained from the in i t i a l temperature function 
T Q ( X ) or by considering a special caseQ Here for example 
the derivatives with respect to t are much larger in 
magnitude than those with respect to x» This would suggest 
taking n * 3 in equation ( 5 ) but considering partial de­
rivatives with respect to x of order six—and possibly those 
of order four as well—-to be indentically zero0 Then too, 
a higher order procedure for performing the integration with 
respect to t in the power equation would be worth while o 
Using "Weddle's rule," for instance, one obtains 
+
 W^m+Z
 +
 4T+4> " 2 0 ^ + 3 ] ( 1 2 5 ) 
where 
2 1 . 4 - (T n m A ,+4T 1 M i . + 2 T 0 oooo +4TW -j m . + L m J. 4)o (126) jm+j x O,m+o l,m+j <£9m+j N-l, +j N,m+o 
One would have similar considerations i f the derivatives with 
respect to x were known to be much larger in magnitude than 
those with respect to to Thus with modifications suited to 
the particular problem to be solved, the method presented 
here should have great practical value for solving problems 
similar to the system (1)„ 
77 
The results of this study also indicate that numerical 
procedures are valuable tools in performing mathematical 
investigationso In particular, by a numerical analysis i t 
was possible to check the property of dynamic stabil i ty for 
a particular reactor for which analytic methods of proving 
stabil i ty could not be Justified completely rigorously 0 
Final ly, i t should be noted that while in this 
instance the union of two stable procedures i s again stable, 
this is not necessarily true in general» 
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